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We consider the phase diagram of the most general SU(4)-symmetric two-site Hamiltonian for
a system of two fermions per site (i.e. self-conjugate 6 representation) on the square lattice. It is
known that this model hosts magnetic phases breaking SU(4) symmetry and quantum disordered
dimer-like phases breaking lattice translation symmetry. Motivated by a previous work [O. Gauthe´,
S. Capponi and D. Poilblanc, Phys. Rev. B 99, 241112(R) (2019)], we investigate the possibility of
the existence of SU(4) quantum spin liquid phases in this model, using SU(4)-symmetric Projected
Entangled Pair States (PEPS) of small bond dimensions, which can be classified according to point
group and charge (C) symmetries. Among several (disconnected) families of SU(4)-symmetric PEPS,
breaking or not C-symmetry, we identify critical or topological spin liquids which may be stable in
some regions of the phase diagram. These results are confronted to exact diagonalization (ED) and
density matrix renormalization group (DMRG) calculations.
I. INTRODUCTION
With the realization of ultracold gases of atoms with
N internal (nucleus) degrees of freedom loaded on peri-
odic optical lattices [1, 2], an interest is rapidly growing
for spin Hamiltonians with exact SU(N) symmetry. Var-
ious lattices, SU(N) symmetries and SU(N) irreducible
representations (irreps) have been studied [3–8], show-
ing plethora of novel phases, most of them spontaneously
breaking lattice or SU(N) symmetries, like Valence Bond
Crystals (VBC) or magnetic states. However, a few stud-
ies were devoted to the explicit construction of SU(N)
quantum spin liquids (QSL) preserving both SU(N) and
lattice symmetries [9–11]. Tensor networks like Projected
Entangled Pair States (PEPS) are particularly well suited
to the construction of QSL states. For example, a pre-
vious work proposed critical QSL and a Z2 topological
QSL phase for a system of two SU(4) fermions per site.
Although VBC are ubiquitous in the study of SU(N)-
invariant models, (nonchiral) spin liquids seem to be rel-
atively rare. Here we revisit a SU(4)-symmetric bilinear-
biquadratic Hamiltonian with two fermions in the self-
conjugate 6-irrep of SU(4) on each site [12–14]. Using
exact diagonalization (ED), density matrix renormaliza-
tion group (DMRG) and infinite-PEPS (iPEPS) numeri-
cal methods, we identify two different types of SU(4) spin
liquids which appear to be very competitive in energy in
two regions of the (one parameter) phase diagram.
II. MODEL AND HAMILTONIAN
We consider a square lattice where we attach a SU(4)
irreducible representation 6 ≡ corresponding to the six
antisymmetric states of two SU(4) (atomic) fermions on
each site. We also assume a coupling between nearest-
neighbor (NN) sites only. Starting from the fusion rule
on two sites
⊗ = • ⊕ ⊕ , (1)
we see that three SU(4) symmetric projectors can be de-
fined on these two sites: P1, P15 and P20’, corresponding
to the fusion outcomes characterized by the irreps 1, 15
and 20′, on the right hand side of Eq. 1, respectively. One
can use the projectors Pα as a natural basis to expand
the Hamiltonian H = ∑α cαPα, cα ∈ R. The operator
S ·S on two sites writes S ·S = −5P1−P15 +P20’, which,
as can be seen straightforwardly, is linearly independent
from (S · S)2 = 25P1 +P15 +P20’. As
∑
α Pα = Id, the
most general two-sites SU(4) symmetric (real) Hamilto-
nian can then be re-expressed as a linear combination of
S ·S and (S ·S)2 (up to a constant energy shift) and can
be parametrized by a single parameter θ. Following the
conventions of [15], the lattice Hamiltonian becomes
H(θ) = cos θ
∑〈
ij
〉Si · Sj + sin θ4 ∑〈
ij
〉(Si · Sj)2 , (2)
where the sum is restricted to nearest-neighbor bonds〈
ij
〉
. In addition to the invariance w.r.t. the lattice sym-
metries and the SU(4) spin symmetry, Hamiltonian (2) is
also invariant w.r.t. color (or “charge”) conjugation (C)
since physical degrees of freedom correspond to a self-
conjugate irrep of SU(4).
Importantly, there are four SU(6) points, when the
coefficients in front of two projectors are identical, and
the fusion rules are enhanced to that of SU(6): i) at
θ = pi/4 and θ = −3pi/4, the fusion rule is enhanced to
6 ⊗ 6 = 15 ⊕ 21 and ii) at θ = ±pi/2, the fusion rule
becomes 6 ⊗ 6 = 1 ⊕ 35. The corresponding NN bond
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2operators of the Hamiltonian read
Hb66¯ = ∓(
25
4
P1 + 1
4
P15⊕20′)
= ∓(6P1 + 1
4
I) , (3)
Hb66 = ∓
√
2
2
(
3
4
P15 − 5
4
P20′⊕1)
= ∓
√
2
2
(2P15 − 5
4
I) (4)
= ±
√
2
2
(PSU(6) +
1
4
I) , (5)
where the − and + signs in (3) and (4) correspond to
the antiferromagnetic (AF) and ferromagnetic (F) cou-
plings respectively. The two-site SU(4) Hilbert spaces
spanned by 15, 15 ⊕ 20′ and 20′ ⊕ 1 can be mapped
on the spaces spanned by 15, 35 and 21 of SU(6), re-
spectively. Equations (3) and (4) are defined in terms of
the alternating and uniform fundamental representation
of SU(6), respectively. In the following, we shall re-
fer to these enhanced symmetry points as SU(6) 66¯ and
SU(6) 66 symmetric points. At the latter higher symme-
try point, the bond operator can be written in terms of
the SU(6) color permutation PSU(6), as shown in Eq. (5).
III. CRITICAL DISCUSSION OF THE PHASE
DIAGRAM
In this section we discuss the current understanding
of the model. We start by drawing a tentative phase
diagram based on the work by Paramekanti et al. [16].
We then discuss our ED studies that bring new insights,
still leaving a number of open issues.
A pure bilinear model θ = 0 is expected to sta-
bilize an ordered antiferromagnetic (Ne´el) phase that
breaks SU(4) symmetry [13], similarly to SU(2) antiferro-
magnetic Heisenberg models. Similarly, a ferromagnetic
phase is expected in the vicinity of the ferromagnetic
Heisenberg point at θ = ±pi. We build our work starting
from early calculations based on projected wavefunctions
[16]. A schematic phase diagram based on this approach
is shown in Fig. 1(a). Interestingly, besides the expected
magnetic phases mentioned above, their phase diagram
shows SU(4)-invariant quantum disordered (QD) phases,
a dimerized phase and a C-breaking phase. It also sug-
gests the existence of a third QD phase in a narrow re-
gion around θ = 0.19pi (thus for a sign of the biquadratic
interaction appropriate to a half-filled fermionic SU(4)
Hubbard model [17]), which they attribute to a gapless
staggered flux state [15].
We have tried to refine the phase diagram using ED
of four periodic N = 8, 10, 12, 16 square clusters, see Ap-
pendix B. Note that these clusters unfortunately, have
different lattice symmetries: for instance, reflection sym-
metry is missing in the 10- and 12-site cluster, the 16-
site clusters can be mapped on a 4-dimensional cube
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FIG. 1. Tentative phase diagrams as a function of θ. (a) Adap-
tation from Ref. [16]. Antiferromagnet and ferromagnetic orders
are expected in some region around the antiferromagnetic and the
ferromagnetic (θ = pi) points. A dimer phase (or more generally a
VBC phase) is expected around θ = −pi/2. A C-breaking phase as
well as a staggered flux state (indicated by a question mark) have
been also proposed. (b) Phase diagram drawn from ED results
on periodic clusters (see text). The ferromagnetic phase is limited
by first-order transitions exactly at the SU(6)-symmetric points at
θ = −3pi/4 and θ = pi/2 (showing massive level crossings on all
finite clusters). We have identified 3 quantum disordered (QD) re-
gions from low-energy singlet excitations and marked the regions
where the PEPS QSL constructed in this work may be relevant.
The variational (SU(6)-symmetric) 6-site plaquette phase is also
shown.
with larger symmetry, and the reciprocal space of the 10-
and 12-site clusters does not contain the qVBC = (pi, 0)
wavevector. However, all clusters show consistently the
existence of two first order transitions characterized by
the simultaneous crossing of many non-singlet SU(4)
states (including the highest-weight multiplet of SU(4))
with a SU(4) singlet state, and occuring at exactly the
SU(6)-symmetric points θ = −3pi/4 and θ = pi/2, as
shown in Figs. 2(a) and 5(a). At these two crossings we
have checked that the ground state correspond exactly
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FIG. 2. ED energy spectrum of the periodic 12-site cluster. Open
(closed) symbols correspond to singlets (higher dimensional irreps).
Different symbols are used for different momenta in the reciprocal
space. (a) Full parameter range −pi ≤ θ ≤ pi. (b) Zoom of the range
0.15pi ≤ θ ≤ 0.25pi. Crossing of ground-state levels is observed at
θX ∼ 0.175pi, signaling a first order transition. Level crossings of
(singlet) excited states at θ∗ are marked by a dashed line.
to the SU(6) irrep of largest weight, i.e. to the SU(6)
ferromagnet. These points hence mark the exact bound-
aries of the ferromagnetic phase as represented in the
new phase diagram on Fig. 1(b). The existence of a
magnetic Ne´el phase is reflected by a q = (pi, pi) mag-
netic low-energy excitated state (i.e. belonging to a finite
dimensional irrep) above the singlet GS. Due to finite-
size effects, its precise boundary on one side is not fully
accurate, as indicated by a question mark in Fig. 1(b).
On the other side, we think it is limited by a very sharp
level anti-crossing at θX ∼ 0.175pi as shown in Fig. 2(b)
and more clearly in Fig. 5(c). In all clusters, we see a
narrow region around θX < θ < θ
∗ ∼ 0.185pi character-
ized by a few low-energy singlets with different momenta
(see Fig. 2(b)) – named QD1 in Fig. 1(b) – that may be
consistent with a QSL like e.g. the gapless staggered flux
state or a C-breaking phase [15]. The two phases at the
boundary of the ferromagnetic region are more difficult
to characterize. The 12-site cluster suggests the exis-
tence of two quantum disordered phases – named QD2
and QD3 in Fig. 1(b) – as signalled by a singlet GS with
low-energy singlet excitation(s). In fact, θ = −pi/2 corre-
sponds to the SU(6) 66¯ (antiferromagnetic) Heisenberg
point whose GS is known to be dimerized, although with
a quite small order parameter [18]. At the SU(6) 66 (an-
tiferromagnetic) Heisenberg point at θ = pi/4 the ground
state is always a non degenerate SU(6) singlet on clusters
whose number of sites is multiple of 6.
The topological PEPS of Ref. [19] is a priori a good
candidate for QD phases, but other alternatives exist.
In fact, it has been proposed that the QD2 phase spon-
taneously breaks C-symmetry in contrast to the PEPS
ansatz of Ref. [19]. This has motivated us to construct
other PEPS family allowing or not for spontaneous C-
breaking. The existence of SU(6)-symmetric points in
the (1D) parameter space is also greatly constraining the
PEPS family by allowing it to be fine tuned to these
higher symmetries. Using iPEPS techniques we have in-
vestigated the relevance of our PEPS spin liquids in some
separate regions of the phase diagram (see Fig. 1(b)).
Note that Lieb-Schultz-Mattis-Affleck theorem is likely to
apply for the irrep of SU(6) or the irrep of SU(4), cor-
responding to 1/6 and 1/2 fermionic filling, respectively.
SU(6) and SU(4) spin liquids are therefore expected to be
topological – with 6-fold and (at least) 2-fold degenerate
groundstates, respectively – or critical.
IV. SU(4)-SYMMETRIC PEPS FAMILIES
A. Simple SU(4)-symmetric PEPS
We aim here to construct simple PEPS Ansa¨tze on the
square lattice which are fully invariant under SU(4) sym-
metry (ie the state is a global SU(4) singlet) and under all
lattice symmetries (including lattice translations). Our
PEPS are defined by a single-site rank-5 tensor with four
virtual indices on the z = 4 bonds connecting the site to
its neighbors and one index labeling the d = 6 states of
the physical irrep as shown in Fig. 3(a). The PEPS
wavefunction is obtained by contracting the network of
tensors on the virtual indices. [20]
To construct SU(4)-symmetric PEPS we follow here
the framework developped in Ref. [21]. First, to en-
force the invariance of the PEPS wavefunctions under
90-degrees rotation w.r.t. to any lattice site, the tensors
should belong to the same one-dimensional irrep of the
point group C4v, namely either to the rotation-even A1
or A2 irreps or to the rotation-odd B1 or B2 irreps, where
the subscripts 1 and 2 refer to even and odd characters
w.r.t. axis reflections, respectively. We shall not con-
sider here the two-dimensional E irrep of C4v. Hence,
4here after, we shall assume that the tensors belong to
one of the four irreps of the point group, even if not
explicitely specified. Secondly, to garanty (global) spin-
rotation invariance, the virtual space V has to be a direct
sum of SU(4) irreps (named “species” or “particles”) in
such a way that the expansion of V⊗z in terms of SU(4)
irreps contains the physical irrep , possibly with some
multiplicity. Restricting first to the smallest dimension
D = dim(V), we are left with
V = ⊕ • ≡ 6⊕ 1 , (6)
V = ⊕ ≡ 4⊕ 4¯ , (7)
V = ⊕ ⊕ • ≡ 4⊕ 4¯⊕ 1 , (8)
with bond dimension D = 7, D = 8 and D = 9, re-
spectively. The different classes of tensors are shown in
Figs. 3 (a). Note that the D = 8 tensors are just a subset
of the set of D = 9 tensors. Both D = 7 and D = 8 ten-
sors have a Z2 gauge (ie connected to the virtual space
only) symmetry since each of the two species entering V
appears an odd number of times (1 or 3 times) on the
4 tensor virtual legs. Importantly, we note in (7) and
(8) the emergence of a charge conjugation symmetry C
exchanging 4 ↔ 4¯ and leaving the physical space 6 in-
variant. Note that unlike the SU(2) case, SU(4) charge
conjugation is not a group operation. PEPS associated
to the tensors with e.g. virtual space (6) and (7) can be
constructed by contracting over the virtual indices, as
shown in Figs. 3(b) and 3(c), respectively.
Let us first look more closely at the D = 7 PEPS
family: its generic on-site tensor AT is given by a linear
combination of 3 (real) D = 7 tensors T0, T1 and T2 given
in Ref. [19],
AT = a0T0 + a1T1 + a2T2 , (9)
with ai ∈ R and a0 can be fixed to 1. These tensors are
real and invariant under all symmetry operations of the
lattice point group (i.e. the C4v group) – namely they
belong to the A1 representation of the group – so that
all PEPS of the family preserve parity (P) symmetry.
The tensors can be labeled by an “occupation number”
nocc specifying, for each species in the virtual space, its
total number on the four legs. E.g. for T0, for which one
has two different species 6 and 1, nocc = {1, 3}. For
T1 and T2, nocc = {3, 1}. Properties of the T tensors
are summarized in Table I. Note that the tensor T0 alone
generates the nearest-neighbor SU(4) Resonating Valence
Bond (RVB) state [19]. Note also that it is also possible
to add a pure imaginary tensor ia3T3 to (9), breaking
time-reversal symmetry (T), while preserving all lattice
symmetries.
Tensors with virtual space 4⊕ 4¯ can also be classified
according to their point group symmetry. As shown in
6
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FIG. 3. (a) The smallest D SU(4)-symmetric tensors. The four
virtual states (small dots) are projected (red circle) onto the physi-
cal 6 irrep (wingly line). C-conjugated pairs of tensors are indicated
by the arrows. (b) A typical PEPS configuration constructed from
T tensors with either •• or 66 virtual singlet bonds. (c) A typi-
cal PEPS configuration constructed with 44¯ or 4¯4 virtual singlet
bonds. (d,e) Typical PEPS configurations of C-breaking phases
with a staggered arrangement of charge conjugated tensors. In
panels (b), (c), (d) and (e), the matrices located on the bond cen-
ters that enforce the projections on SU(4) singlets are omitted for
clarity.
5A D V nocc C C4v
T0 7 6⊕ 1 {1, 3} X A1
T1 7 6⊕ 1 {3, 1} X A1
T2 7 6⊕ 1 {3, 1} X A1
T3 7 6⊕ 1 {3, 1} X A2
X31 8 4⊕ 4 {3, 1} × A1
Y
(i)
31 8 4⊕ 4 {3, 1} × A2
X13 8 4⊕ 4 {1, 3} × A1
Y
(i)
13 8 4⊕ 4 {1, 3} × A2
Y202 9 4⊕ 4⊕ 1 {2, 0, 2} × A2
Y022 9 4⊕ 4⊕ 1 {0, 2, 2} × A2
W(i) 13 6⊕ 6⊕ 1 {2, 1, 1} X A1
TABLE I. Classification of 6⊕ 1 and 4⊕ 4 SU(4)-symmetric
tensors in terms of virtual space, action of SU(4) charge con-
jugation (C) and C4v irreps. Tensors T0, T1 and W1 are more
symmetric and are invariant under any virtual leg permuta-
tion. The occupation numbers of each virtual species on the
four virtual bonds are shown within brackets.
Table I, one (two) pair(s) of C-conjugated X13 and X31
(Y
(i)
13 and Y
(i)
31 , i = 1, 2) tensors have A1 (A2) symmetry.
A general PEPS ansatz preserving C4v symmetry can be
obtained from a local tensor combining all X tensors in
the following way :
AX = AR + iAI , (10)
AR = X31 + αX13 ,
AI =
∑
i
(β
(i)
31 Y
(i)
31 + β
(i)
13 Y
(i)
13 ) ,
where AI 6= 0 would spontaneously break time-reversal
symmetry. Similarly, one can use the Y202 and Y022 ten-
sors (ofA2 point group symmetry) which include an extra
spin singlet in the virtual space,
AY = Y202 + γY022 .
In general AX (AY ) breaks charge conjugation except
when α = ±1 and β(i)31 = ±β(i)13 (γ = ±1).
In the following we shall use charge-conjugated ten-
sors, AX and AX (resp. AY and AY ) on the two A and
B sublattices. Configurations of such states for AI = 0
and α = 0 (resp. γ = 0) are shown in Fig. 3(d) (resp.
Fig. 3(e)). In that case, by acting with charge conjuga-
tion on the (physical) B sites, one can rewrite the PEPS
in terms of a unique AX (or AY ) tensor on all sites. While
the tensor network is translation invariant, it must be em-
phasized that it is the common PEPS representation of
two different wavefunctions that are only invariant under
a translation by two sites (the translation by a lattice unit
vector being equivalent to the conjugation of the whole
lattice). These wavefunctions are orthogonal as their odd
and even combinations are eigenvectors of the unitary
charge conjugation operator with different eigenvalues.
A local order parameter for translation and charge con-
jugation breaking can be constructed [16]. Note that
closely related (but non-equivalent) ansatze can also be
constructed using the same tensors AX or AY on both
sublattices but replacing the bond singlet projectors by
singlet projectors involving the 8 virtual particles around
each site of a given sublattice (so-called Projected En-
tangled Simplex States or PESS), following closely the
original construction by Affleck et al. [15] .
Note that all these T , X and Y tensors, taken indi-
vidually, have an extended U(1) gauge symmetry so it
is expected that their associated PEPS would have crit-
ical correlations. In fact, as can be seen in Figs. 3(d,e),
resonances between configurations is obtained by on-site
permutations of virtual states along closed loops, and the
PEPS inherits its critical nature from that of quantum
loop models on bipartite lattices [22]. Combining tensors
with different nocc lead to a lower Z2 gauge symmetry
(see Appendix D).
Next, we turn to the extension of these tensors so that
they can accommodate the emergent higher SU(6) sym-
metry present at isolated points of the phase diagram.
This brings severe constraints on the tensor construction
and on the form of the virtual space. In fact, we readily
see that the tensors (7) and (8) should be excluded since
there is no 4-dimensional irrep in SU(6) to map into. Be-
low we shall restrict to the 66¯ SU(6) symmetry, while
the more involved case of the 66 symmetry is left for the
appendix.
B. PEPS with higher 66¯ SU(6) symmetry
At θ = −pi/2, we know from previous ED that the GS
is a non-degenerate SU(6) singlet. It is therefore legiti-
mate to try to enlarge the SU(4)-symmetric PEPS family
in order to capture the higher SU(6) 66¯ symmetry of the
model at this fined-tuned point. In fact, enforcing the
enlarged symmetry leads to strong restriction on the site
tensor. First, we note that the T0 tensor alone has SU(6)
symmetry and the associated SU(4) RVB PEPS is in fact
a SU(6) 66¯ RVB state, i.e. in the alternating fundamental
irrep of SU(6). Therefore, we expect this PEPS should
already give a reasonable approximate description of the
GS at, or in the vicinity of, the antiferromagnetic SU(6)
66¯ point at θ = −pi/2, as we shall discuss below.
To enlarge the PEPS family beyond T0, we shall re-
quire that the SU(4) tensors originate from a mapping
of tensors (i) which are SU(6) symmetric and (ii) whose
virtual space should only contain self-conjugate irreps or
pairs of conjugate irreps of SU(6) (to be able to form vir-
tual SU(6) singlets on the bonds). The smallest possible
SU(6) virtual space V6 could therefore be
V6 = ⊕ ⊕ • ≡ 6⊕ 6¯⊕ 1 , (11)
of dimension D = 13. The corresponding PEPS tensors
6represent the 28 SU(6) fusion channels 6⊗6⊗ 6¯⊗1→ 6,
of the four virtual states onto the physical state. Map-
ping to SU(4) would require a virtual space with irreps
of the same dimensions,
V = ⊕ ⊕ • ≡ 6⊕ 6∗ ⊕ 1 , (12)
where the 6 (self-conjugate) irrep occurs with multiplic-
ity 2, ie with two “colors”. Then, SU(6) charge con-
jugation C in (11) naturally translates here into color
exchange C, which can be viewed as an element of the
SU(2)-color gauge symmetry. Note that it is convenient
to use the conjugate 6∗ irrep of SU(4) (equivalent to 6
up to a basis change) which naturally maps onto the 6¯
irrep of SU(6). At the higher symmetry point, the ten-
sors on the A and B sites are related by charge/color
conjugation C/C. Hence, they have occupation numbers
w.r.t. the 6, 6¯/6∗ and 1 species, nocc = {1, 0, 3} (T0) or
nocc = {2, 1, 1} (W ) on the A sites, and nocc = {0, 1, 3}
(T0/T
∗
0 ) or nocc = {1, 2, 1} (W/W ∗) on the B sites. Later
on, we shall consider the three W tensors, W1, W2 and
W3, of A1 symmetry. Similarly to the tensors T0 and T1,
the tensor W1 is invariant under any virtual leg permu-
tation and has an extended S4 symmetry.
The SU(6)-symmetric PEPS is obtained by contracting
the A and B tensors on all lattice bonds, as shown in
Figs. 4 (b) and 4(c). It is invariant under the combined
action of C/C with a unit lattice translation. Hence, by
acting with C/C on the (physical) B sites, one can rewrite
the PEPS in terms of a unique tensor on all sites, making
translation symmetry explicit.
One can even extend further the construction of the
SU(6)-symmetric spin liquid by adding more irreps to
the virtual space. The next step would be to include the
self-conjugate (both in SU(4) and SU(6)) 20-dimensional
irrep, giving D = 33 virtual spaces,
V6 = ⊕ ⊕ ⊕ • ≡ 6⊕ 6¯⊕ 20⊕ 1 , (13)
for SU(6) and,
V = ⊕ ⊕ ⊕ • ≡ 6⊕ 6∗ ⊕ 20′ ⊕ 1 , (14)
for SU(4), as listed in Table II. Only three occupation
numbers fits SU(6) fusion rules, defining one more V
class in addition to the two previous ones, as summa-
rized in Table III. Since a large bond dimension D = 33
is untractable with current algorithms, in the following
we shall use, in addition to the T tensors, the W tensors
with D = 13.
V. TENSOR NETWORK ALGORITHMS
The energy density (ie the energy per site) or local ob-
servables of our SU(4)-symmetric PEPS can be computed
C
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<latexit sha1_base64="movfb9dd3/Q3Lp3VTbeqlLztegU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rFiv6ANZbO dtEs3m7C7EUroT/DiQRGv/iJv/hu3bQ7a+mDg8d4MM/OCRHBtXPfbWVvf2NzaLuwUd/f2Dw5LR8ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZn77CZXmsWyYSYJ+RIeSh5xRY6XHRt/tl8puxZ2DrBIvJ2XIUe+XvnqDmKURSsME1brruYnxM6oMZwKnxV6qMaFsTIfY tVTSCLWfzU+dknOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCGz/jMkkNSrZYFKaCmJjM/iYDrpAZMbGEMsXtrYSNqKLM2HSKNgRv+eVV0qpWvMtK9eGqXLvN4yjAKZzBBXhwDTW4hzo0gcEQnuEV3hzhvDjvzseidc3JZ07gD5zPH9STjX8=</latexit>
D=7
D=13
C
site A site B
6
<latexit sha1_base64="isA7HMw1IyBJaGe6fSsV01e5RXQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRqEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4Et hOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftUrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AIN/jL4=</latexit>
•<latexit sha1_base64="Hugc8vzKXMKHg3Shu6Ti7PikeFE=">AAAB7nicbVBNS8NAEJ34WetX1aOXYBE8laQKeix68VjBfkAbymY7aZduNmF3IpTSH+HFgyJe/T3e/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5pnGIQs4ESkeCMrNTqhpmUSL1S2at4c7irxM9JGXLUe6Wvbj/hWYyKuGTGdHwvpWDCNAkucVrsZgZTxkdsgB1LFYvRBJP5uVP33Cp9N0q0LUXuXP09MWGxMeM4tJ0xo6FZ9mbif14no+gmmAiVZoSKLxZFmXQpcWe/u32hkZMcW8K4FvZ Wlw+ZZpxsQkUbgr/88ippViv+ZaX6cFWu3eZxFOAUzuACfLiGGtxDHRrAYQTP8ApvTuq8OO/Ox6J1zclnTuAPnM8feV+PqA==</latexit>
SU(4) SU(6)
6
<latexit sha1_base64="isA7HMw1IyBJaGe6fSsV01e5RXQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRqEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4Et hOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftUrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AIN/jL4=</latexit>
6⇤
<latexit sha1_base64="6WtQcSKNs1qfX641K8IU0l0/5n4=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDEQ9iNoh6DXjxGNA9I1jA76SRDZmeXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBZcG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XUeJYlhjkYhUM6AaBZdYM9wIb MYKaRgIbATDm4nfeEKleSQfzChGP6R9yXucUWOl+4vH006h6JbcKcgi8TJShAzVTuGr3Y1YEqI0TFCtW54bGz+lynAmcJxvJxpjyoa0jy1LJQ1R++n01DE5tkqX9CJlSxoyVX9PpDTUehQGtjOkZqDnvYn4n9dKTO/KT7mME4OSzRb1EkFMRCZ/ky5XyIwYWUKZ4vZWwgZUUWZsOnkbgjf/8iKpl0veWal8d16sXGdx5OAQjuAEPLiECtxCFWrAoA/P8ApvjnBenHfnY9a65GQzB/AHzucPnEKNWg==</latexit>
6¯
<latexit sha1_base64="O6mHiKly+avgpk6rddw7qMnnAl8=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6jHoxWME84BkCbOT2WTMPJaZWSEs+QcvHhTx6v9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaT jTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knNboQ1uuyVyn7FnwEtkyAnZchR75W+un1FUkGlJRwb0wn8xIYZ1pYRTifFbmpogskID2jHUYkFNWE2u3aCTp3SR7HSrqRFM/X3RIaFMWMRuU6B7dAselPxP6+T2vg6zJhMUkslmS+KU46sQtPXUZ9pSiwfO4KJZu5WRIZYY2JdQEUXQrD48jJpVivBeaV6f1Gu3eRxFOAYTuAMAriCGtxBHRpA4BGe4RXePOW9eO/ex7x1xctnjuAPvM8f0fOOoQ==</latexit>
•<latexit sha1_base64="Hugc8vzKXMKHg3Shu6Ti7PikeFE=">AAAB7nicbVBNS8NAEJ34WetX1aOXYBE8laQKeix68VjBfkAbymY7aZduNmF3IpTSH+HFgyJe/T3e/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5pnGIQs4ESkeCMrNTqhpmUSL1S2at4c7irxM9JGXLUe6Wvbj/hWYyKuGTGdHwvpWDCNAkucVrsZgZTxkdsgB1LFYvRBJP5uVP33Cp9N0q0LUXuXP09MWGxMeM4tJ0xo6FZ9mbif14no+gmmAiVZoSKLxZFmXQpcWe/u32hkZMcW8K4FvZ Wlw+ZZpxsQkUbgr/88ippViv+ZaX6cFWu3eZxFOAUzuACfLiGGtxDHRrAYQTP8ApvTuq8OO/Ox6J1zclnTuAPnM8feV+PqA==</latexit>W
<latexit sha1_base64="Isuq7IfVFup9gyvHE3WVDdodvz8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy 2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4NvPbT6g0j+WjmSToR3QoecgZNVZ6aJf65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8KVWGM4GzUi/VmFA2pkPs WipphNqfzi+dkTOrDEgYK1vSkLn6e2JKI60nUWA7I2pGetnLxP+8bmrCa3/KZZIalGyxKEwFMTHJ3iYDrpAZMbGEMsXtrYSNqKLM2HCyELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AOnmjPM=</latexit>
T 0
<latexit sha1_base64="psTPS2kxAr34iepKEf/8mJExx7U=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r9AXtWDJ ppg3NJEOSUcrQ/3DjQhG3/os7/8ZMOwttPRA4nHMP9+YEMWfauO63U1hb39jcKm6Xdnb39g/Kh0dtLRNFaItILlU3wJpyJmjLMMNpN1YURwGnnWBym/mdR6o0k6JppjH1IzwSLGQEGys99KU1s2zanA3cQbniVt050CrxclKBHI1B+as/lCSJqDCEY617nhsbP8XKMMLprNRP NI0xmeAR7VkqcES1n86vnqEzqwxRKJV9wqC5+juR4kjraRTYyQibsV72MvE/r5eY8NpPmYgTQwVZLAoTjoxEWQVoyBQlhk8twUQxeysiY6wwMbaoki3BW/7yKmnXqt5FtXZ/Wanf5HUU4QRO4Rw8uII63EEDWkBAwTO8wpvz5Lw4787HYrTg5Jlj+APn8we3TJKl</latexit >
W
<latexit sha1_base64="H6B76vgxOD8En3cxgoYHdGriGnk=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqszUgi6LblxWsA/oDCW TZtrQTDIkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3cG9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1TJVhHaI5FL1Q6wpZ4J2DDOc9hNFcRxy2gund7nfe6JKMykezSyhQYzHgkWMYGMl35fWzLNZbz6s1ty6uwBaJ15BalCgPax++SNJ0pgKQzjWeuC5iQkyrAwjnM4rfqpp gskUj+nAUoFjqoNscfMcXVhlhCKp7BMGLdTfiQzHWs/i0E7G2Ez0qpeL/3mD1EQ3QcZEkhoqyHJRlHJkJMoLQCOmKDF8ZgkmitlbEZlghYmxNVVsCd7ql9dJt1H3ruqNh2atdVvUUYYzOIdL8OAaWnAPbegAgQSe4RXenNR5cd6dj+VoySkyp/AHzucPjqOSBQ==</latexit >
20
<latexit sha1_base64="0SF3TZNJezSYyi1yGDd2IRoVaMs=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd1EfNyCXjxGNA9IljA7mU2GzMwuM7NCWPIJXjwo4tUv8ubfOJssosaChqKqm+6uIOZMG9f9dJaWV1bX1gsbxc2t7Z3d0t5+S0eJIrRJIh6pToA15UzSpmGG0 06sKBYBp+1gfJ357QeqNIvkvZnE1Bd4KFnICDZWuqu6xX6p7FbcGdAi8XJShhyNfumjN4hIIqg0hGOtu54bGz/FyjDC6bTYSzSNMRnjIe1aKrGg2k9np07RsVUGKIyULWnQTP05kWKh9UQEtlNgM9J/vUz8z+smJrzwUybjxFBJ5ovChCMToexvNGCKEsMnlmCimL0VkRFWmBibzjyEywxn3y8vkla14tUqtdvTcv0qj6MAh3AEJ+DBOdThBhrQBAJDeIRneHG48+S8Om/z1iUnnzmAX3DevwA3Po07</latexit>
20
<latexit sha1_base64="0SF3TZNJezSYyi1yGDd2IRoVaMs=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd1EfNyCXjxGNA9IljA7mU2GzMwuM7NCWPIJXjwo4tUv8ubfOJssosaChqKqm+6uIOZMG9f9dJaWV1bX1gsbxc2t7Z3d0t5+S0eJIrRJIh6pToA15UzSpmGG0 06sKBYBp+1gfJ357QeqNIvkvZnE1Bd4KFnICDZWuqu6xX6p7FbcGdAi8XJShhyNfumjN4hIIqg0hGOtu54bGz/FyjDC6bTYSzSNMRnjIe1aKrGg2k9np07RsVUGKIyULWnQTP05kWKh9UQEtlNgM9J/vUz8z+smJrzwUybjxFBJ5ovChCMToexvNGCKEsMnlmCimL0VkRFWmBibzjyEywxn3y8vkla14tUqtdvTcv0qj6MAh3AEJ+DBOdThBhrQBAJDeIRneHG48+S8Om/z1iUnnzmAX3DevwA3Po07</latexit>
CD=33
V
<latexit sha1_base64="vLSad7A9j3NBBJrUP0P+Q4WBfhE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU/LgVvXhswX5AG8p mO2nXbjZhdyOU0l/gxYMiXv1J3vw3JmkQtT4YeLw3w8w8LxJcG9v+tApLyyura8X10sbm1vZOeXevpcNYMWyyUISq41GNgktsGm4EdiKFNPAEtr3xTeq3H1BpHso7M4nQDehQcp8zahKp0eqXK3bVzkAWiZOTCuSo98sfvUHI4gClYYJq3XXsyLhTqgxnAmelXqwxomxMh9hN qKQBaneaHTojR4kyIH6okpKGZOrPiSkNtJ4EXtIZUDPSf71U/M/rxsa/dKdcRrFByeaL/FgQE5L0azLgCpkRk4RQpnhyK2EjqigzSTalLISrFOffLy+S1knVOa2eNs4qtes8jiIcwCEcgwMXUINbqEMTGCA8wjO8WPfWk/Vqvc1bC1Y+sw+/YL1/Act5jRE=</latexit>
V
<latexit sha1_base64="V+m/Xe5oM7XsUR5638L3qtezHxs=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqkxVfOyKblxWsA/oDCW TZtrQTDIkGaEM/Q03LhRx68+482/MTAdR64HA4Zx7uDcniDnTxnU/ndLS8srqWnm9srG5tb1T3d3raJkoQttEcql6AdaUM0HbhhlOe7GiOAo47QaTm8zvPlClmRT3ZhpTP8IjwUJGsLGS50lrZtm0MxtUa27dzYEWSaMgNSjQGlQ/vKEkSUSFIRxr3W+4sfFTrAwjnM4qXqJp jMkEj2jfUoEjqv00v3mGjqwyRKFU9gmDcvVnIsWR1tMosJMRNmP918vE/7x+YsJLP2UiTgwVZL4oTDgyEmUFoCFTlBg+tQQTxeytiIyxwsTYmip5CVcZzr+/vEg6J/XGaf307qzWvC7qKMMBHMIxNOACmnALLWgDgRge4RlenMR5cl6dt/loySky+/ALzvsXpJiSNw==</lat exit>
(b)
T0
<latexit sha1_base64="movfb9dd3/Q3Lp3VTbeqlLztegU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rFiv6ANZbO dtEs3m7C7EUroT/DiQRGv/iJv/hu3bQ7a+mDg8d4MM/OCRHBtXPfbWVvf2NzaLuwUd/f2Dw5LR8ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZn77CZXmsWyYSYJ+RIeSh5xRY6XHRt/tl8puxZ2DrBIvJ2XIUe+XvnqDmKURSsME1brruYnxM6oMZwKnxV6qMaFsTIfY tVTSCLWfzU+dknOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCGz/jMkkNSrZYFKaCmJjM/iYDrpAZMbGEMsXtrYSNqKLM2HSKNgRv+eVV0qpWvMtK9eGqXLvN4yjAKZzBBXhwDTW4hzo0gcEQnuEV3hzhvDjvzseidc3JZ07gD5zPH9STjX8=</latexit>
W
<latexit sha1_base64="Isuq7IfVFup9gyvHE3WVDdodvz8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy 2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4NvPbT6g0j+WjmSToR3QoecgZNVZ6aJf65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8KVWGM4GzUi/VmFA2pkPs WipphNqfzi+dkTOrDEgYK1vSkLn6e2JKI60nUWA7I2pGetnLxP+8bmrCa3/KZZIalGyxKEwFMTHJ3iYDrpAZMbGEMsXtrYSNqKLM2HCyELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AOnmjPM=</latexit>
T 0
<latexit sha1_base64="psTPS2kxAr34iepKEf/8mJExx7U=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r9AXtWDJ ppg3NJEOSUcrQ/3DjQhG3/os7/8ZMOwttPRA4nHMP9+YEMWfauO63U1hb39jcKm6Xdnb39g/Kh0dtLRNFaItILlU3wJpyJmjLMMNpN1YURwGnnWBym/mdR6o0k6JppjH1IzwSLGQEGys99KU1s2zanA3cQbniVt050CrxclKBHI1B+as/lCSJqDCEY617nhsbP8XKMMLprNRP NI0xmeAR7VkqcES1n86vnqEzqwxRKJV9wqC5+juR4kjraRTYyQibsV72MvE/r5eY8NpPmYgTQwVZLAoTjoxEWQVoyBQlhk8twUQxeysiY6wwMbaoki3BW/7yKmnXqt5FtXZ/Wanf5HUU4QRO4Rw8uII63EEDWkBAwTO8wpvz5Lw4787HYrTg5Jlj+APn8we3TJKl</latexit >
W
<latexit sha1_base64="H6B76vgxOD8En3cxgoYHdGriGnk=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqszUgi6LblxWsA/oDCW TZtrQTDIkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3cG9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1TJVhHaI5FL1Q6wpZ4J2DDOc9hNFcRxy2gund7nfe6JKMykezSyhQYzHgkWMYGMl35fWzLNZbz6s1ty6uwBaJ15BalCgPax++SNJ0pgKQzjWeuC5iQkyrAwjnM4rfqpp gskUj+nAUoFjqoNscfMcXVhlhCKp7BMGLdTfiQzHWs/i0E7G2Ez0qpeL/3mD1EQ3QcZEkhoqyHJRlHJkJMoLQCOmKDF8ZgkmitlbEZlghYmxNVVsCd7ql9dJt1H3ruqNh2atdVvUUYYzOIdL8OAaWnAPbegAgQSe4RXenNR5cd6dj+VoySkyp/AHzucPjqOSBQ==</latexit >
(c)
T 0
<latexit sha1_base64="psTPS2kxAr34iepKEf/8mJExx7U=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r9AXtWDJ ppg3NJEOSUcrQ/3DjQhG3/os7/8ZMOwttPRA4nHMP9+YEMWfauO63U1hb39jcKm6Xdnb39g/Kh0dtLRNFaItILlU3wJpyJmjLMMNpN1YURwGnnWBym/mdR6o0k6JppjH1IzwSLGQEGys99KU1s2zanA3cQbniVt050CrxclKBHI1B+as/lCSJqDCEY617nhsbP8XKMMLprNRP NI0xmeAR7VkqcES1n86vnqEzqwxRKJV9wqC5+juR4kjraRTYyQibsV72MvE/r5eY8NpPmYgTQwVZLAoTjoxEWQVoyBQlhk8twUQxeysiY6wwMbaoki3BW/7yKmnXqt5FtXZ/Wanf5HUU4QRO4Rw8uII63EEDWkBAwTO8wpvz5Lw4787HYrTg5Jlj+APn8we3TJKl</latexit >
T0
<latexit sha1_base64="movfb9dd3/Q3Lp3VTbeqlLztegU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rFiv6ANZbO dtEs3m7C7EUroT/DiQRGv/iJv/hu3bQ7a+mDg8d4MM/OCRHBtXPfbWVvf2NzaLuwUd/f2Dw5LR8ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZn77CZXmsWyYSYJ+RIeSh5xRY6XHRt/tl8puxZ2DrBIvJ2XIUe+XvnqDmKURSsME1brruYnxM6oMZwKnxV6qMaFsTIfY tVTSCLWfzU+dknOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCGz/jMkkNSrZYFKaCmJjM/iYDrpAZMbGEMsXtrYSNqKLM2HSKNgRv+eVV0qpWvMtK9eGqXLvN4yjAKZzBBXhwDTW4hzo0gcEQnuEV3hzhvDjvzseidc3JZ07gD5zPH9STjX8=</latexit>
W
<latexit sha1_base64="Isuq7IfVFup9gyvHE3WVDdodvz8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy 2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4NvPbT6g0j+WjmSToR3QoecgZNVZ6aJf65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8KVWGM4GzUi/VmFA2pkPs WipphNqfzi+dkTOrDEgYK1vSkLn6e2JKI60nUWA7I2pGetnLxP+8bmrCa3/KZZIalGyxKEwFMTHJ3iYDrpAZMbGEMsXtrYSNqKLM2HCyELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AOnmjPM=</latexit> W
<latexit sha1_base64="H6B76vgxOD8En3cxgoYHdGriGnk=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqszUgi6LblxWsA/oDCWTZtrQTDIkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3cG9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1TJVhHaI5FL1Q6wpZ4J2DDOc9 hNFcRxy2gund7nfe6JKMykezSyhQYzHgkWMYGMl35fWzLNZbz6s1ty6uwBaJ15BalCgPax++SNJ0pgKQzjWeuC5iQkyrAwjnM4rfqppgskUj+nAUoFjqoNscfMcXVhlhCKp7BMGLdTfiQzHWs/i0E7G2Ez0qpeL/3mD1EQ3QcZEkhoqyHJRlHJkJMoLQCOmKDF8ZgkmitlbEZlghYmxNVVsCd7ql9dJt1H3ruqNh2atdVvUUYYzOIdL8OAaWnAPbegAgQSe4RXenNR5cd6dj+VoySkyp/AHzucPjqOSBQ==</latexit>
T 0
<latexit sha1_base64="psTPS2kxAr34iepKEf/8mJExx7U=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r9AXtWDJppg3NJEOSUcrQ/3DjQhG3/os7/8ZMOwttPRA4nHMP9+YEMWfauO63U1hb39jcKm6Xdnb39g/Kh0dtLRNFaItILlU3wJpyJmjLMMNpN 1YURwGnnWBym/mdR6o0k6JppjH1IzwSLGQEGys99KU1s2zanA3cQbniVt050CrxclKBHI1B+as/lCSJqDCEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqcES1n86vnqEzqwxRKJV9wqC5+juR4kjraRTYyQibsV72MvE/r5eY8NpPmYgTQwVZLAoTjoxEWQVoyBQlhk8twUQxeysiY6wwMbaoki3BW/7yKmnXqt5FtXZ/Wanf5HUU4QRO4Rw8uII63EEDWkBAwTO8wpvz5Lw4787HYrTg5Jlj+APn8we3TJKl</latexit>
T0
<latexit sha1_base64="movfb9dd3/Q3Lp3VTbeqlLztegU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rFiv6ANZbOdtEs3m7C7EUroT/DiQRGv/iJv/hu3bQ7a+mDg8d4MM/OCRHBtXPfbWVvf2NzaLuwUd/f2Dw5LR8ctHaeKYZPFIladgGoUXGLTcCOwk yikUSCwHYzvZn77CZXmsWyYSYJ+RIeSh5xRY6XHRt/tl8puxZ2DrBIvJ2XIUe+XvnqDmKURSsME1brruYnxM6oMZwKnxV6qMaFsTIfYtVTSCLWfzU+dknOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCGz/jMkkNSrZYFKaCmJjM/iYDrpAZMbGEMsXtrYSNqKLM2HSKNgRv+eVV0qpWvMtK9eGqXLvN4yjAKZzBBXhwDTW4hzo0gcEQnuEV3hzhvDjvzseidc3JZ07gD5zPH9STjX8=</latexit>
V
<latexit sha1_base64="vLSad7A9j3NBBJrUP0P+Q4WBfhE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU/LgVvXhswX5AG8p mO2nXbjZhdyOU0l/gxYMiXv1J3vw3JmkQtT4YeLw3w8w8LxJcG9v+tApLyyura8X10sbm1vZOeXevpcNYMWyyUISq41GNgktsGm4EdiKFNPAEtr3xTeq3H1BpHso7M4nQDehQcp8zahKp0eqXK3bVzkAWiZOTCuSo98sfvUHI4gClYYJq3XXsyLhTqgxnAmelXqwxomxMh9hN qKQBaneaHTojR4kyIH6okpKGZOrPiSkNtJ4EXtIZUDPSf71U/M/rxsa/dKdcRrFByeaL/FgQE5L0azLgCpkRk4RQpnhyK2EjqigzSTalLISrFOffLy+S1knVOa2eNs4qtes8jiIcwCEcgwMXUINbqEMTGCA8wjO8WPfWk/Vqvc1bC1Y+sw+/YL1/Act5jRE=</latexit>
V
<latexit sha1_base64="V+m/Xe5oM7XsUR5638L3qtezHxs=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqkxVfOyKblxWsA/oDCW TZtrQTDIkGaEM/Q03LhRx68+482/MTAdR64HA4Zx7uDcniDnTxnU/ndLS8srqWnm9srG5tb1T3d3raJkoQttEcql6AdaUM0HbhhlOe7GiOAo47QaTm8zvPlClmRT3ZhpTP8IjwUJGsLGS50lrZtm0MxtUa27dzYEWSaMgNSjQGlQ/vKEkSUSFIRxr3W+4sfFTrAwjnM4qXqJp jMkEj2jfUoEjqv00v3mGjqwyRKFU9gmDcvVnIsWR1tMosJMRNmP918vE/7x+YsJLP2UiTgwVZL4oTDgyEmUFoCFTlBg+tQQTxeytiIyxwsTYmip5CVcZzr+/vEg6J/XGaf307qzWvC7qKMMBHMIxNOACmnALLWgDgRge4RlenMR5cl6dt/loySky+/ALzvsXpJiSNw==</lat exit>
FIG. 4. (a) Three classes of SU(4) tensors with virtual spaces 6⊕1,
6⊕ 6⊕ 1 and 6⊕ 6⊕ 20⊕ 1 tensors, which can be mapped onto
SU(6)-symmetric tensors – see Tables II and III. Color-conjugated
tensors have to be used on the A and B sites to encode the 66¯ SU(6)
symmetry. A uniform SU(4) PEPS ansatz is obtained by perform-
ing a basis change on the (physical) B sites. (b) Configuration of
a 66¯ SU(6)-symmetric D = 13 PEPS. A simpler PEPS involving
only the D = 7 tensors can be also constructed as shown on the
4 top sites. (c) Configuration of a 66¯ SU(6)-symmetric D = 33
PEPS.
efficiently using a Corner Transfer Matrix Renormaliza-
tion Group (CTMRG) algorithm (see e.g. Ref [23] for
details). It is based on a real space RG sheme, adding a
single site at a time (starting from a corner) to construct
an effective environment around some active region – typ-
ically a small 2× 1 or 2× 2 cluster – involving corner C
and edge T “fixed point” SU(4)-symmetric tensors. A
parameter χ controls the amount of entanglement which
is kept at each RG step in the Schmidt decomposition of
the corner and, eventually, a χ→∞ scaling is performed.
Typically, 1/D2 of the largest Schmidt weights are kept
at each stage. The CTMRG enables then to compute the
energy densities [θ, {ai}, χ] of the various PEPS Ansa¨tze
in Hamiltonian (2) (for each chosen θ value).
7Occupation number SU(4) SU(6)
{0, 1, 0, 3} 4 0
{0, 1, 1, 2} 12 0
{0, 1, 2, 1} 36 0
{0, 1, 3, 0} 40 0
{0, 3, 0, 1} 12 0
{0, 3, 1, 0} 24 0
{1, 0, 0, 3} 4 4
{1, 0, 1, 2} 12 0
{1, 0, 2, 1} 36 24
{1, 0, 3, 0} 40 0
{1, 2, 0, 1} 36 0
{1, 2, 1, 0} 72 0
{2, 1, 0, 1} 36 24
{2, 1, 1, 0} 72 0
{3, 0, 0, 1} 12 0
{3, 0, 1, 0} 24 0
{0, 2, 1, 0} 0∗ 12
TABLE II. Full list of the classes of D = 33 6 ⊕ 6 ⊕ 20 ⊕ 1
SU(4) symmetric tensors in terms of the occupation numbers
of the four virtual particles. The second (third) column shows
the number of SU(4) (SU(6)) fusion channels – i.e. the total
number of symmetric tensors (that could be further classified
in terms of the irreps of the C4v point group, A1, A2, B1,
B2 and E). The 6 ⊕ 1 T0 (T1, T2) tensor(s) is (are) marked
in red (brown). The other 6 ⊕ 6 ⊕ 1 tensors are marked in
blue. Note that the last tensor class (in green) belongs to the
V = 6⊕ 6⊕ 10⊕ 10⊕ 1 family of SU(4) symmetric tensors.
Class D V nocc [D=33]
T0 7 6⊕ 1 {1, 0, 0, 3}
W 13 6⊕ 6⊕ 1 {2, 1, 0, 1}
V 33 6⊕ 6⊕ 20⊕ 1 {1, 0, 2, 1}
TABLE III. SU(4)-symmetric tensors with D ≤ 33 accomo-
dating higher 66¯ SU(6) symmetry, classified according to their
virtual space and occupation numbers in the D = 33 largest
SU(4) virtual space.
We then need to optimize the few coefficients {ai} of
the tensors to minimize the above PEPS variational en-
ergies. After starting from an initial arbitrary choice of
the tensor coefficients, using CTMRG we obtain the con-
verged environment tensors C and T . We then evalu-
ate the energy gradient numerically to “feed” a Con-
jugate Gradient (CG) algorithm minimization routine
which provides a new set of parameters. The procedure is
repeated until the energy minimum is found. To take into
account the error induced by the finite corner dimension
χ, we optimize the parameters for increasing χ, starting
from the previously optimized set of parameters. When
a maximal value of χ is reached (imposed by computer
power limitations), we use finite-entanglement scaling to
extrapolate the energy in the χ→∞ limit.
The converged environment can then be used to com-
pute the expectation value of any observable. It also
allows to approximate the transfer matrix of an infi-
nite one-dimensional (horizontal) strip obtained by con-
tracting the TN in one (vertical) direction. From the
two largest eigenvalues λ1 > λ2 of this transfer ma-
trix, one can compute the largest correlation length
ξ = 1/ ln(λ1/λ2) of the system. From its leading eigen-
vector, one can also obtain the environment entangle-
ment entropy SEnv, defined from a bi-partition of the
infinite strip (see [19] for the technical details).
VI. NUMERICAL RESULTS
A. Ground-state and variational energies
In figure 5(a), we have plotted, as a function of θ ∈
[−pi, pi], the energy density of some of the best low-energy
PEPS, along with the finite size ED energies and the ex-
act ferromagnetic and 4-site plaquette order wavefunc-
tions (see Appendix A for details). As mentioned before,
the ferromagnetic phase is exactly confined outside of the
range −3pi/4 ≤ θ ≤ pi/2. Although an exact expression
for the energy of the quantum antiferromagnetic state is
not known, the latter is believed to be stable in some
extended region θ ∈ [θAF, θX ] around θ = 0. The two
regions on each side of this AF phase, −3pi/4 ≤ θ ≤ θAF
and θX ≤ θ ≤ pi/2 are likely to be SU(4)-symmetric
quantum disordered phases of different nature, breaking
or not lattice symmetry, and we examine them separately.
B. Quantum disordered QD3 region
We first zoom in on the region −3pi/4 ≤ θ . θAF in
Fig. 5(b). In this region, Paramekanti and Marston pro-
posed a phase transition from the ferromagnetic phase
to a dimerized phase. According to their VMC cal-
culation the dimer order parameter of the best opti-
mized (projected) dimerized state is close to fully sat-
urated close to the transition with the ferromagnetic
state. In other words, according to them, coupling dimers
(within their variational manifold) does not decrease the
energy. Although Paramekanti et al. do not quote
any energy, we could nevertheless (approximately) es-
timate their best variational energy using a decoupled
dimer mean-field solution (see Appendix A) and we found
the energy of our uniform PEPS is significantly lower.
This does not exclude that a small dimerization could
take place but this definitely shows that our ansatz is
better than Paramekanti’s (projected) dimerized state
when approaching the transition to the ferromagnet at
θ = −3pi/4. Here the optimum PEPS is obtained for
a1  a0, a2, a3 (within the accuracy of our minimization
for χ = D2) – i.e. it is basically given by the T1 ten-
sor alone – so it does not break time-reversal symmetry
and may be critical (or have a very long dimer correlation
length). As shown in figures 6(a) and 6(b) the finite-χ ex-
trapolation of the optimum PEPS energy, performed for
θ = −0.7pi and θ = −0.65pi respectively, are in excellent
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FIG. 5. Energies (θ) of different wavefunctions under the Hamil-
tonian H(θ). The PEPS energies are obtained after χ → ∞ ex-
trapolation and compared to the exact ferromagnetic state FM,
to 4-site and 6-site plaquette VBCs (see text) and to ED of small
clusters. The red points correspond to the optimization of the
PEPS given by the V = 6⊕1 tensor (9). (a) Full parameter range
−pi ≤ θ ≤ pi. (b) Zoom of the range −0.775pi ≤ θ ≤ 0.35pi. (c)
Zoom of the range 0.125pi ≤ θ ≤ 0.5pi.
agreement with finite size scalings of ED and DMRG en-
ergies. [24] We therefore believe that this PEPS provides
a good ground state candidate in this range of parameter
and expect a QSL phase there.
Within this QD3 region, when moving towards the
SU(6) 66¯ point, the variational energy of the AT PEPS
family deteriorates. However, as seen in figure 5(b), we
have found that the variational energy of the staggered
PEPS constructed by putting the W1 (W1) D = 13 ten-
sor on the A (B) sites becomes remarkably good within
a wide region around the SU(6) point. This is clear
from the comparison of the finite-χ extrapolation of the
PEPS energy with finite size ED and DMRG extrapo-
lations, shown in figures 6(c) and 6(d) for θ = −0.5pi
and θ = −0.3pi respectively. Early quantum Monte Carlo
(QMC) accurate simulations at the SU(6) point (at which
the minus-sign problem disappears) gave evidence for a
dimerized phase, although with a quite small order pa-
rameter. In contrast, it is easy to see that our simple
ansatz based on the (SU(6)-symmetric) W1 tensor de-
scribes a non-degenerate translation invariant QSL. Nev-
ertheless, due to a U(1) PEPS gauge symmetry, we ex-
pect its SU(6)-dimer correlations to be power-law so that
this critical QSL can be viewed as a melted dimer-ordered
state. Since the estimated correlation length of the dimer
phase ξ66¯ ∼ 5.4 is relatively long and the PEPS energy
is remarkably close to the QMC energy (see figure 6(c)),
we believe the latter gives a faithful representation of the
ground state at not too long distances compared to ξ66¯.
C. Quantum disordered QD1 and QD2 regions
We now consider the region θX ∼ 0.175pi ≤ θ ≤ θ∗
where θ∗ is close to the value θ∗1D = arctan(2/3) '
0.187pi, corresponding to an exact point in 1D. There,
Paramekanti and Marston propose two possibilities, ei-
ther a direct transition from a Ne´el phase to a charge-
conjugation breaking phase or a thin QSL phase. ED
curves show a stark slope change around θX = 0.175pi,
where we locate the transition from the AF state.
In our case, the tensors obtained from the X and Y
family give a good energy in this region, a zoom on it
is shown in figure 5(c). Initial results obtained with the
full form of equation (11) show that charge conjugation
is maximally broken in this region, therefore we there-
after restrict ourselves to α = β
(i)
13 = 0. In the 1D case, a
MPS obtained from a similar construction gives the exact
ground state for θ = θ∗1D = arctan(2/3) ' 0.187pi. The
estimation of the energy of the X31 PEPS (represented
in figure 3(d)) is in reasonably good agreement with ED
data as shown in figure 6(e). Note that this PEPS build
from a single site tensor bears some U(1) gauge symmetry
so that we expect critical correlations. Indeed, figure 7(a)
shows that the largest correlation length (obtained from
the transfer operator) increases linearly with χ, with no
sign of saturation. The scaling of the entanglement en-
tropy SEnv w.r.t. the latter correlation length ξ according
9to the formula SEnv = S0 + c/6 log ξ [25] in 7(a) suggests
Conformal Field Theory (CFT) criticality with central
charge c = 1. Spin-spin and dimer-dimer correlations
show very different qualitative behaviors, with exponen-
tial and algebraic decays, as shown in figures 7(c) and
7(d), respectively. While we expect the other PEPS (rep-
resented in figure 3(e)) obtained from the tensors Y202
and Y022 to be also relevant in this region (it is the sim-
plest adaptation of the C-breaking phase construction
of reference [15]), we were not able to compute an en-
vironment for these tensors. In any case, we expect a
C-breaking phase that also breaks translation symmetry
but preserves SU(4), as mimicked by our simplistic X31
PEPS. Slightly lower energies reached with non-zero β
(i)
31
indicate this phase may also break time-reversal symme-
try.
For θ∗ ≤ θ ≤ pi/2, our best results were obtained
with uncorrelated, singlet plaquettes of 6-sites (see Ap-
pendix A), which have better energies than our different
PEPS Ansa¨tze as shown in 5(c). Such a plaquette can
also be realized with the fundamental irrep of SU(6) on
every sites and indeed no special behavior is observed at
the SU(6) point θ = pi/4. There is however a clear cross-
ing of the energy curves at θ = pi/2, which corresponds
to the transition to the FM state as discussed before.
Hence, in this region, no evidence for a QSL phase is
found, as the energies of our symmetry-preserving PEPS
Ansa¨tze are well above.
VII. CONCLUSION
In this study, we have investigated the most general
two-fermion SU(4)-symmetric Hamiltonian on the square
lattice, with interaction limited to nearest-neighbor dis-
tance. We combined ED, DMRG and PEPS techniques
to propose a new phase diagram. We first argue the fer-
romagnetic domain is limited by the two SU(6) points at
θ = pi/2 and θ = −3pi/4. We then explore the rest of the
phase diagram using different PEPS Ansa¨tze and com-
paring them with DMRG and ED. We construct several
SU(4) and C4v symmetric PEPS, depending on very few
parameters, and explain how to construct tensor families
that can capture the extended symmetry at the SU(6)
points.
Previous QMC results on the SU(6) point θ = −pi/2
indicate a (weakly) dimerized phase there, and the purely
bilinear point θ = 0 is known to belong to the AF phase.
Although the restriction to uniform symmetric PEPS
prevents us from accessing dimerized and Ne´el phases,
our PEPS still provide excellent variational energies in
both i) an extended region from the ferromagnetic bound-
ary at θ = −3pi/4 all the way to θ ∼ −0.30pi (includ-
ing the SU(6) dimerized point) and ii) a narrower region
around θ = 0.18pi. In the first region, due to the sim-
plistic nature of the two low-energy best PEPS – they
are build from a (fixed) single tensor encoding a continu-
ous U(1) gauge symmetry – critical dimer correlations are
found, which may be quite unstable [26, 27]. Hence, min-
imal refinement of these PEPS wave functions could lead
to either i) a short-ranged QSL with topological order
– by breaking the continuous gauge symmetry to a dis-
crete gauge symmetry – or ii) a weakly dimerized phase
– by allowing a two-sublattice modulation of the site ten-
sor. Although, the second scenario agrees with the known
physical behavior at the SU(6) point θ = −pi/2, the first
scenario of a topological QSL may well be realized closer
to the ferromagnetic phase transition at θ = −3pi/4.
In the narrower region around θ ∼ 0.18pi, we found no
evidence for a uniform QSL but, rather, a q = (pi, pi)-
modulated charge conjugation-breaking phase. Such a
phase is a natural generalization of the 1D C-breaking
phase, and has a particularly simple PEPS representa-
tion. Our analysis also suggests a transition from this
phase to a 6-site plaquette phase, which seems to extend
all the way to the ferromagnetic phase transition point at
θ = pi/2. Of course, one cannot exclude that θ∗−θx → 0,
for increasing cluster sizes in ED, in which case one would
observe a direct transition from the Ne´el state to the pla-
quette phase and no intermediate C-breaking phase.
Lastly, we note that SU(4) qualitatively differs from
SU(2) where no QSL arises in the case of NN interac-
tions only. This leaves open the possibility of experimen-
tal realizations using any ultracold alkaline-earth atoms
realizing SU(N) symmetry by simply tuning the number
of species [28] to e.g. N = 4. Fixing a filling of two par-
ticles per site should avoid three-body losses and thus
allow controlled experiments.
Acknowledgments. This research was supported in part
by the French Research Council (Agence Nationale de
la Recherche, France) under Grants No. TNSTRONG
ANR-16-CE30-0025 and No. TNTOP ANR-18-CE30-
0026-01 and by the National Science Foundation under
Grant No. NSF PHY-1748958. This work was granted
access to the HPC resources of CALMIP supercomput-
ing center under the allocation 2018-P1231. We acknowl-
edge inspiring conversations with Fabien Alet, Matthew
Hastings, Fre´de´ric Mila, Masaki Oshikawa, Karlo Penc,
and Keisuke Totsuka. We are also indebted to Pierre
Nataf for providing the ED ground state energy (using
the method of [29]) of the SU(6) permutation model on
18 and 24 site clusters, as well as for a careful reading of
the manuscript.
Appendix A: Simple Ansa¨tze
We consider here a few simple exact SU(4) states on
the square lattice to compare to our PEPS. These states
correspond to magnetic or quantum disordered phases,
some of them introduced in Ref. [16]. On a given lat-
tice with coordination number z and nearest neighbor
coupling, the energy per site is one half of the average
value of all the H(θ) taken on the z bonds. The en-
ergy of a given wavefunction for all θ is a sinusoid pa-
rameterized by its value in two points only: 〈H(θ)〉 =
10
cos(θ)H(0) + sin(θ)H(pi/2).
a. Ferromagnetic state FM. This state is the most
symmetric and any pair of sites in the lattice is projected
in the most symmetric irrep 20. In this state, 〈H(θ)〉20 =
cos(θ) + sin θ4 and, therefore, the energy per site is
eFM = 2 cos θ +
1
2
sin θ (A1)
b. Uncorrelated state U . In this state, each site is
totally uncorrelated from its neighbors, which means
〈H(θ)〉unc = Tr(H)/36 = 512 sin θ. Hence the energy per
site is
eU =
5
6
sin θ (A2)
c. Dimerized state D. In a fully dimerized state,
each site belongs to one singlet of energy 〈H(θ)〉1 =
−5 cos(θ) + 254 sin θ. All the other neighbors are totally
uncorrelated. Every dimer covering states have the same
energy per site
eD = −5
2
cos θ +
15
4
sin θ (A3)
d. 4-site plaquette states P4. On the square lattice
we can also construct states where four sites in a square
form a singlet and cover the lattice with these plaquettes.
This state spontaneously breaks the translation invari-
ance of the lattice. To construct it, we have to consider
the projector
⊗4 → •. Three independent singlets can
be made on the square, they can easily be obtained by di-
agonalizing the quadratic Casimir operator on four sites.
The point group C4v naturally acts on this space and we
can decompose the states in term of its irreducible repre-
sentations: two singlets have A1 symmetry and the last
one has B2 symmetry.
Diagonalizing H(θ) on a 4-site plaquette in
this restricted subspace leads to 3 eigenvalues
8 sin(θ) − 6 cos(θ) ±√−76 sin(2θ)− 13 cos(2θ) + 85/√2
and 11 sin(θ) − 8 cos(θ). Covering the lattice with such
plaquettes and taking into account that uncorrelated
bonds contribute to the total energy per site according
to Eq. (A2) we obtain the variational energies :
eA1P4 = −
3
2
cos θ +
29
12
sin θ
±
√
2
8
√
85− 13 cos(2θ)− 76 sin(2θ) (A4)
eB2P4 = −2 cos θ +
19
6
sin θ (A5)
e. 6-site plaquette state P6. For a single 6-site pla-
quette (3 × 2 rectangle), only one SU(6) singlet can be
obtained if each site hosts the fundamental representa-
tion of SU(6). By construction, this state is antisymmet-
ric with respect to any 2-site permutation. In the SU(4)
language (obtained by a simple identification of the 6
states of the fundamental representation of SU(6) and
the 6 states of the 6 representation of SU(4)), this state
can be viewed as a pairing of any pair of sites into the
(antisymmetric) 15 representation of SU(4). As a conse-
quence, it becomes obvious that this is an eigenstate of
H(θ) with the energy 7 (− cos θ + (1/4) sin θ). As in the
4-site plaquette states, the variational energy of the uni-
form covering of the lattice with such 6-site plaquettes is
given by
eP6 = −
7
6
cos θ +
23
36
sin θ. (A6)
We only plot the ferromagnetic state, the lowest 4-site
plaquette state and the 6-site plaquette state energies as
a function of θ.
Appendix B: Additional information for Exact
Diagonalization
For exact diagonalization, we have computed the
ground-state and low-energy excitations using a Lanczos
algorithm on several finite-size clusters of Ns sites with
periodic boundary conditions, see Tab. IV. Since we are
mostly looking for a quantum spin liquid state, we have
considered clusters that can accomodate the columnar
phase (i.e. possess (pi, 0) and (0, pi) momenta in their
Brillouin zone) or not. Moreover, we have also consid-
ered one cluster (Ns = 12) which is not a perfect square
since its unit vectors are not perpendicular, which is not
an issue for disordered phase [30]. Last, in order to re-
duce the size of the Hilbert space, we have used all space
symmetries (translation and point-group) as well as the
3 Cartan U(1) symmetries (color conservation).
cluster t1 t2 can host a columnar phase point group
8 (2, 2) (−2, 2) yes C4v
10 (1, 3) (3,−1) no C4
12 (1, 3) (4, 0) no C2
16 (4, 0) (0, 4) yes C4v
TABLE IV. List of clusters studied with ED: number of sites
Ns, the two unit vectors, compatibility with a dimerized
phase, and point-group symmetry.
Appendix C: PEPS with higher 66 SU(6) symmetry
We now focus on the SU(6) 66 symmetric point at
θ = pi/4 (for which the GS is a non degenerate SU(6) sin-
glet on finite clusters) and extend the tensor contruction
in such a way that the PEPS now inherits the enlarged
symmetry. If we try to start from the previous SU(6)
virtual space V6 = 6 ⊕ 6¯ ⊕ 1, we are now left with ten-
sors whose occupation numbers should be restricted to
nocc = {1, 0, 3} or nocc = {2, 1, 1} on both A and B sites.
It is easy to check that it is impossible to pave the square
lattice with such tensors assuming the pairs of virtual
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states on the bonds are contracted into •• or 66¯ singlets.
The same conclusion holds for V6 = 6⊕ 6¯⊕ 20⊕ 1. We
are there forced to introduce new/extra virtual degrees of
freedom. The simplest choice of the SU(6) virtual space
is
V6 = ⊕ ⊕ ⊕ ⊕• ≡ 6⊕ 6¯⊕15⊕15⊕1 , (C1)
of dimension D = 43. The corresponding PEPS tensors
represent all the fusion channels of four of the five species
of (C1) onto the physical state 6. Mapping to SU(4)
would require a virtual space with irreps of the same
dimensions,
V = ⊕ ⊕ ⊕ ⊕ •
≡ 6⊕ 6∗ ⊕ 15⊕ 15∗ ⊕ 1 , (C2)
where both the 6 (self-conjugate) and 15 (adjoint) irreps
occurs with multiplicity 2, ie with two “colors”. Again,
we use a ∗ to distinguish the two copies. Unfortunately
such a large D = 43 bond dimension is untractable.
In order to accomodate SU(6) fusion channels, we
are left with only eleven classes defined by their pos-
sible occupations nocc of the five virtual particles, as
shown in Table V. The corresponding (classes of) tensors
are drawn in Fig. 8(a). Possible configurations of the
PEPS after contracting some of these tensors is shown
on Figs. 8(b) and 8(c). The full tensor classification of
the D=43 virtual space is given in Table C.
Note that the C-symmetry corresponding to charge
conjugation in the SU(6) case (and acts on the physi-
cal space as well) maps, in the SU(4) case, to a gauge
symmetry C defined as color exchange acting only on the
virtual space. Since the C symmetry is explicitly bro-
ken in the SU(6) PEPS (by construction, enforcing the
physical irrep 6 on every site), its related gauge symme-
try has to be broken in a very specific way in the corre-
sponding SU(4) PEPS, as e.g. shown in Table V. In fact,
the gauge C-symmetry can be decomposed as C = C1C2,
where C1 and C2 color-exchange only the two 6 irreps or
the two 15 irreps, respectively. These gauge transforma-
tions belong, in fact, to a larger SU(2) × SU(2) gauge
group. Hence three other classes of tensors can be eas-
ily obtained from the Ri classes by applying C1 only, C2
only or their product C, respectively (see Table (V)). At
the SU(6)-symmetric points, any one – but only one – of
the four classes can be used to construct a SU(6) singlet.
Note that for 66¯ SU(6) symmetry, the previous 6⊕6⊕1
PEPS can be extended using the eleven classes of D = 43
tensors on the A sites and their color-conjugate both in
6 and 15 of the B sites, as shown in Fig. 8(c).
Class D V nocc [D=43]
T0 7 6⊕ 1 {1, 0, 0, 0, 3}
W 13 6⊕ 6⊕ 1 {2, 1, 0, 0, 1}
R1 43 6⊕ 6⊕ 15⊕ 15⊕ 1 {3, 0, 0, 1, 0}
R2 43 6⊕ 6⊕ 15⊕ 15⊕ 1 {1, 2, 1, 0, 0}
R3 43 6⊕ 6⊕ 15⊕ 15⊕ 1 {1, 0, 3, 0, 0}
R4 43 6⊕ 6⊕ 15⊕ 15⊕ 1 {1, 0, 1, 1, 1}
R5 43 6⊕ 6⊕ 15⊕ 15⊕ 1 {1, 0, 0, 3, 0}
R6 43 6⊕ 6⊕ 15⊕ 15⊕ 1 {0, 3, 0, 1, 0}
R7 43 6⊕ 6⊕ 15⊕ 15⊕ 1 {0, 1, 2, 1, 0}
R8 43 6⊕ 6⊕ 15⊕ 15⊕ 1 {0, 1, 1, 0, 2}
R9 43 6⊕ 6⊕ 15⊕ 15⊕ 1 {0, 1, 0, 2, 1}
TABLE V. Eleven classes of SU(4)-symmetric tensors which
can accomodate SU(6)-symmetry, classified according to their
virtual space and occupation numbers in the D = 43 largest
SU(4) virtual space.
Appendix D: Gauge symmetries
The gauge symmetries of each of the tensor families
can be viewed as charge conservation in the fusion pro-
cess of the four vitual particles into the physical one.
Therefore, one has to assign an integer charge to both
virtual and physical degrees of freedom. It is natural
to expect Z4 gauge symmetry for SU(4)-symmetric ten-
sors in which case one should consider a minimal virtual
space V = 4 ⊕ 4 ⊕ 6 ⊕ 1 to encode all particle types
with charges q = {1,−1, 2, 0} (mod 4) and the onsite
charge conservation reads q ·nocc = 2 (mod 4). However,
it is easy to check that, for the virtual spaces that do
not contain all four SU(4) charges, the gauge symmetry
may be reduced to Z2, as shown in Table VII. For SU(6)
symmetry, the D = 63 V6 = 6 ⊕ 6 ⊕ 15 ⊕ 15 ⊕ 20 ⊕ 1
tensors contains four of the six elementary virtual parti-
cles of charges q6 = {1,−1, 2,−2, 3, 0} (mod 6) and the
SU(6) conservation rules state that q6 · nocc = 1 (mod
6), providing the desired Z6 gauge symmetry. The gauge
symmetry is also present for smaller bond dimension, ex-
cept for V6 = 6 ⊕ 1, for which it is reduced to Z2, as
shown in Table VII.
Appendix E: Tensor expressions
The expression of the tensors Ti can be found in
the supplemental material of [19]. We provide here
the coefficients of the unormalized tensors X31 (Table
VIII) and W1 (Table IX), which are integer values. The
first index labels the physical variable (varying from
0 to 5), with weights (1, 0,−1), (1,−1, 1), (0,−1, 0),
(0, 1, 0), (−1, 1,−1) and (−1, 0, 1), respectively. The
four subsequent indices the virtual variables on the links
(in e.g. clockwise direction). For X31, this corresponds
to the virtual space V = 4 ⊕ 4 with weights (1, 0, 0),
(−1, 1, 0), (0,−1, 1), (0, 0,−1), (−1, 0, 0), (1,−1, 0),
(0, 1,−1) and (0, 0, 1). For W1, this corresponds to
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Occupation number SU(4) SU(6)
{0, 1, 0, 0, 3} 4 0
{0, 1, 0, 1, 2} 12 0
{0, 1, 0, 2, 1} 48 12
{0, 1, 0, 3, 0} 64 0
{0, 1, 1, 0, 2} 12 12
{0, 1, 1, 1, 1} 96 0
{0, 1, 1, 2, 0} 192 0
{0, 1, 2, 0, 1} 48 0
{0, 1, 2, 1, 0} 192 48
{0, 1, 3, 0, 0} 64 0
{0, 3, 0, 0, 1} 12 0
{0, 3, 0, 1, 0} 28 4
{0, 3, 1, 0, 0} 28 0
{1, 0, 0, 0, 3} 4 4
{1, 0, 0, 1, 2} 12 0
{1, 0, 0, 2, 1} 48 0
{1, 0, 0, 3, 0} 64 12
{1, 0, 1, 0, 2} 12 0
{1, 0, 1, 1, 1} 96 48
{1, 0, 1, 2, 0} 192 0
{1, 0, 2, 0, 1} 48 0
{1, 0, 2, 1, 0} 192 0
{1, 0, 3, 0, 0} 64 12
{1, 2, 0, 0, 1} 36 0
{1, 2, 0, 1, 0} 84 0
{1, 2, 1, 0, 0} 84 36
{2, 1, 0, 0, 1} 36 24
{2, 1, 0, 1, 0} 84 0
{2, 1, 1, 0, 0} 84 0
{3, 0, 0, 0, 1} 12 0
{3, 0, 0, 1, 0} 28 12
{3, 0, 1, 0, 0} 28 0
TABLE VI. Full list of the classes of D = 43 (6 ⊕ 6 ⊕ 15 ⊕
15 ⊕ 1) SU(4) symmetric tensors in terms of the occupation
numbers of the five virtual particles. The second (third) col-
umn shows the number of SU(4) (SU(6)) fusion channels – i.e.
the total number of SU(N) symmetric tensors (that could be
further classified in terms of the irreps of the C4v point group,
A1, A2, B1, B2 and E). The 6⊕1 T0 tensor is marked in red.
The 6⊕ 6⊕ 1 tensors are marked in blue. Note that the to-
tal occupancy of the 6 particles is odd, reflecting a gauge Z2
symmetry.
the SU(6) virtual space V = 6 ⊕ 6 ⊕ 1, with weights
(1, 0, 0, 0, 0), (−1, 1, 0, 0, 0), (0,−1, 1, 0, 0), (0, 0,−1, 1, 0),
(0, 0, 0,−1, 1), (0, 0, 0, 0,−1), (−1, 0, 0, 0, 0),
(1,−1, 0, 0, 0), (0, 1,−1, 0, 0), (0, 0, 1,−1, 0),
(0, 0, 0, 1,−1), (0, 0, 0, 0, 1) and (0, 0, 0, 0, 0).
X31[0, 0, 0, 3, 4] = 1 X31[0, 0, 0, 4, 3] = 1 X31[0, 0, 1, 5, 3] = 1
X31[0, 0, 2, 6, 3] = 1 X31[0, 0, 3, 0, 4] = −2 X31[0, 0, 3, 1, 5] = −1
X31[0, 0, 3, 2, 6] = −1 X31[0, 0, 3, 3, 7] = −1 X31[0, 0, 3, 4, 0] = 1
X31[0, 0, 3, 5, 1] = 1 X31[0, 0, 3, 6, 2] = 1 X31[0, 0, 3, 7, 3] = 2
X31[0, 0, 4, 0, 3] = −2 X31[0, 0, 4, 3, 0] = 1 X31[0, 0, 5, 1, 3] = −1
X31[0, 0, 6, 2, 3] = −1 X31[0, 0, 7, 3, 3] = −1 X31[0, 1, 0, 3, 5] = 1
X31[0, 1, 3, 0, 5] = −1 X31[0, 1, 5, 0, 3] = −1 X31[0, 1, 5, 3, 0] = 1
X31[0, 2, 0, 3, 6] = 1 X31[0, 2, 3, 0, 6] = −1 X31[0, 2, 6, 0, 3] = −1
X31[0, 2, 6, 3, 0] = 1 X31[0, 3, 0, 0, 4] = 1 X31[0, 3, 0, 1, 5] = 1
X31[0, 3, 0, 2, 6] = 1 X31[0, 3, 0, 3, 7] = 2 X31[0, 3, 0, 4, 0] = −2
X31[0, 3, 0, 5, 1] = −1 X31[0, 3, 0, 6, 2] = −1 X31[0, 3, 0, 7, 3] = −1
D V SU(4)/SU(6) 66 66
7 6⊕ 1 Z2/Z2 X ×
8 4⊕ 4 Z2/− − −
9 4⊕ 4⊕ 1 Z4/− − −
13 6⊕ 6⊕ 1 Z2/Z6 X ×
15 4⊕ 4⊕ 6⊕ 1 Z4/− − −
21 4⊕ 4⊕ 6⊕ 6⊕ 1 Z4/− − −
33 6⊕ 6⊕ 20⊕ 1 Z2/Z6 X ×
43 6⊕ 6⊕ 15⊕ 15⊕ 1 Z2/Z6 X X
63 6⊕ 6⊕ 15⊕ 15⊕ 20⊕ 1 Z2/Z6 X X
TABLE VII. Gauge symmetries of the various SU(4)-
symmetric tensor families and of their imbeded SU(6)-
symmetric sub-families, if they exist. The last two columns
indicate whether ( X ) or not ( × ) the SU(6) symmetric
tensors can describe the 66 and 66 symmetric points, respec-
tively.
X31[0, 3, 1, 5, 0] = −1 X31[0, 3, 2, 6, 0] = −1 X31[0, 3, 3, 0, 7] = −1
X31[0, 3, 3, 7, 0] = −1 X31[0, 3, 4, 0, 0] = 1 X31[0, 3, 5, 1, 0] = 1
X31[0, 3, 6, 2, 0] = 1 X31[0, 3, 7, 0, 3] = −1 X31[0, 3, 7, 3, 0] = 2
X31[0, 4, 0, 0, 3] = 1 X31[0, 4, 0, 3, 0] = −2 X31[0, 4, 3, 0, 0] = 1
X31[0, 5, 0, 3, 1] = −1 X31[0, 5, 1, 0, 3] = 1 X31[0, 5, 1, 3, 0] = −1
X31[0, 5, 3, 0, 1] = 1 X31[0, 6, 0, 3, 2] = −1 X31[0, 6, 2, 0, 3] = 1
X31[0, 6, 2, 3, 0] = −1 X31[0, 6, 3, 0, 2] = 1 X31[0, 7, 0, 3, 3] = −1
X31[0, 7, 3, 0, 3] = 2 X31[0, 7, 3, 3, 0] = −1 X31[1, 0, 0, 2, 4] = 1
X31[1, 0, 0, 4, 2] = 1 X31[1, 0, 1, 5, 2] = 1 X31[1, 0, 2, 0, 4] = −2
X31[1, 0, 2, 1, 5] = −1 X31[1, 0, 2, 2, 6] = −1 X31[1, 0, 2, 3, 7] = −1
X31[1, 0, 2, 4, 0] = 1 X31[1, 0, 2, 5, 1] = 1 X31[1, 0, 2, 6, 2] = 2
X31[1, 0, 2, 7, 3] = 1 X31[1, 0, 3, 7, 2] = 1 X31[1, 0, 4, 0, 2] = −2
X31[1, 0, 4, 2, 0] = 1 X31[1, 0, 5, 1, 2] = −1 X31[1, 0, 6, 2, 2] = −1
X31[1, 0, 7, 3, 2] = −1 X31[1, 1, 0, 2, 5] = 1 X31[1, 1, 2, 0, 5] = −1
X31[1, 1, 5, 0, 2] = −1 X31[1, 1, 5, 2, 0] = 1 X31[1, 2, 0, 0, 4] = 1
X31[1, 2, 0, 1, 5] = 1 X31[1, 2, 0, 2, 6] = 2 X31[1, 2, 0, 3, 7] = 1
X31[1, 2, 0, 4, 0] = −2 X31[1, 2, 0, 5, 1] = −1 X31[1, 2, 0, 6, 2] = −1
X31[1, 2, 0, 7, 3] = −1 X31[1, 2, 1, 5, 0] = −1 X31[1, 2, 2, 0, 6] = −1
X31[1, 2, 2, 6, 0] = −1 X31[1, 2, 3, 7, 0] = −1 X31[1, 2, 4, 0, 0] = 1
X31[1, 2, 5, 1, 0] = 1 X31[1, 2, 6, 0, 2] = −1 X31[1, 2, 6, 2, 0] = 2
X31[1, 2, 7, 3, 0] = 1 X31[1, 3, 0, 2, 7] = 1 X31[1, 3, 2, 0, 7] = −1
X31[1, 3, 7, 0, 2] = −1 X31[1, 3, 7, 2, 0] = 1 X31[1, 4, 0, 0, 2] = 1
X31[1, 4, 0, 2, 0] = −2 X31[1, 4, 2, 0, 0] = 1 X31[1, 5, 0, 2, 1] = −1
X31[1, 5, 1, 0, 2] = 1 X31[1, 5, 1, 2, 0] = −1 X31[1, 5, 2, 0, 1] = 1
X31[1, 6, 0, 2, 2] = −1 X31[1, 6, 2, 0, 2] = 2 X31[1, 6, 2, 2, 0] = −1
X31[1, 7, 0, 2, 3] = −1 X31[1, 7, 2, 0, 3] = 1 X31[1, 7, 3, 0, 2] = 1
X31[1, 7, 3, 2, 0] = −1 X31[2, 0, 2, 3, 4] = 1 X31[2, 0, 3, 2, 4] = −1
X31[2, 0, 4, 2, 3] = −1 X31[2, 0, 4, 3, 2] = 1 X31[2, 1, 2, 3, 5] = 1
X31[2, 1, 3, 2, 5] = −1 X31[2, 1, 5, 2, 3] = −1 X31[2, 1, 5, 3, 2] = 1
X31[2, 2, 0, 4, 3] = 1 X31[2, 2, 1, 5, 3] = 1 X31[2, 2, 2, 3, 6] = 1
X31[2, 2, 2, 6, 3] = 1 X31[2, 2, 3, 0, 4] = −1 X31[2, 2, 3, 1, 5] = −1
X31[2, 2, 3, 2, 6] = −2 X31[2, 2, 3, 3, 7] = −1 X31[2, 2, 3, 4, 0] = 1
X31[2, 2, 3, 5, 1] = 1 X31[2, 2, 3, 6, 2] = 1 X31[2, 2, 3, 7, 3] = 2
X31[2, 2, 4, 0, 3] = −1 X31[2, 2, 5, 1, 3] = −1 X31[2, 2, 6, 2, 3] = −2
X31[2, 2, 6, 3, 2] = 1 X31[2, 2, 7, 3, 3] = −1 X31[2, 3, 0, 4, 2] = −1
X31[2, 3, 1, 5, 2] = −1 X31[2, 3, 2, 0, 4] = 1 X31[2, 3, 2, 1, 5] = 1
X31[2, 3, 2, 2, 6] = 1 X31[2, 3, 2, 3, 7] = 2 X31[2, 3, 2, 4, 0] = −1
X31[2, 3, 2, 5, 1] = −1 X31[2, 3, 2, 6, 2] = −2 X31[2, 3, 2, 7, 3] = −1
X31[2, 3, 3, 2, 7] = −1 X31[2, 3, 3, 7, 2] = −1 X31[2, 3, 4, 0, 2] = 1
X31[2, 3, 5, 1, 2] = 1 X31[2, 3, 6, 2, 2] = 1 X31[2, 3, 7, 2, 3] = −1
X31[2, 3, 7, 3, 2] = 2 X31[2, 4, 0, 2, 3] = 1 X31[2, 4, 0, 3, 2] = −1
X31[2, 4, 2, 3, 0] = −1 X31[2, 4, 3, 2, 0] = 1 X31[2, 5, 1, 2, 3] = 1
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X31[2, 5, 1, 3, 2] = −1 X31[2, 5, 2, 3, 1] = −1 X31[2, 5, 3, 2, 1] = 1
X31[2, 6, 2, 2, 3] = 1 X31[2, 6, 2, 3, 2] = −2 X31[2, 6, 3, 2, 2] = 1
X31[2, 7, 2, 3, 3] = −1 X31[2, 7, 3, 2, 3] = 2 X31[2, 7, 3, 3, 2] = −1
X31[3, 0, 0, 1, 4] = 1 X31[3, 0, 0, 4, 1] = 1 X31[3, 0, 1, 0, 4] = −2
X31[3, 0, 1, 1, 5] = −1 X31[3, 0, 1, 2, 6] = −1 X31[3, 0, 1, 3, 7] = −1
X31[3, 0, 1, 4, 0] = 1 X31[3, 0, 1, 5, 1] = 2 X31[3, 0, 1, 6, 2] = 1
X31[3, 0, 1, 7, 3] = 1 X31[3, 0, 2, 6, 1] = 1 X31[3, 0, 3, 7, 1] = 1
X31[3, 0, 4, 0, 1] = −2 X31[3, 0, 4, 1, 0] = 1 X31[3, 0, 5, 1, 1] = −1
X31[3, 0, 6, 2, 1] = −1 X31[3, 0, 7, 3, 1] = −1 X31[3, 1, 0, 0, 4] = 1
X31[3, 1, 0, 1, 5] = 2 X31[3, 1, 0, 2, 6] = 1 X31[3, 1, 0, 3, 7] = 1
X31[3, 1, 0, 4, 0] = −2 X31[3, 1, 0, 5, 1] = −1 X31[3, 1, 0, 6, 2] = −1
X31[3, 1, 0, 7, 3] = −1 X31[3, 1, 1, 0, 5] = −1 X31[3, 1, 1, 5, 0] = −1
X31[3, 1, 2, 6, 0] = −1 X31[3, 1, 3, 7, 0] = −1 X31[3, 1, 4, 0, 0] = 1
X31[3, 1, 5, 0, 1] = −1 X31[3, 1, 5, 1, 0] = 2 X31[3, 1, 6, 2, 0] = 1
X31[3, 1, 7, 3, 0] = 1 X31[3, 2, 0, 1, 6] = 1 X31[3, 2, 1, 0, 6] = −1
X31[3, 2, 6, 0, 1] = −1 X31[3, 2, 6, 1, 0] = 1 X31[3, 3, 0, 1, 7] = 1
X31[3, 3, 1, 0, 7] = −1 X31[3, 3, 7, 0, 1] = −1 X31[3, 3, 7, 1, 0] = 1
X31[3, 4, 0, 0, 1] = 1 X31[3, 4, 0, 1, 0] = −2 X31[3, 4, 1, 0, 0] = 1
X31[3, 5, 0, 1, 1] = −1 X31[3, 5, 1, 0, 1] = 2 X31[3, 5, 1, 1, 0] = −1
X31[3, 6, 0, 1, 2] = −1 X31[3, 6, 1, 0, 2] = 1 X31[3, 6, 2, 0, 1] = 1
X31[3, 6, 2, 1, 0] = −1 X31[3, 7, 0, 1, 3] = −1 X31[3, 7, 1, 0, 3] = 1
X31[3, 7, 3, 0, 1] = 1 X31[3, 7, 3, 1, 0] = −1 X31[4, 0, 1, 3, 4] = 1
X31[4, 0, 3, 1, 4] = −1 X31[4, 0, 4, 1, 3] = −1 X31[4, 0, 4, 3, 1] = 1
X31[4, 1, 0, 4, 3] = 1 X31[4, 1, 1, 3, 5] = 1 X31[4, 1, 1, 5, 3] = 1
X31[4, 1, 2, 6, 3] = 1 X31[4, 1, 3, 0, 4] = −1 X31[4, 1, 3, 1, 5] = −2
X31[4, 1, 3, 2, 6] = −1 X31[4, 1, 3, 3, 7] = −1 X31[4, 1, 3, 4, 0] = 1
X31[4, 1, 3, 5, 1] = 1 X31[4, 1, 3, 6, 2] = 1 X31[4, 1, 3, 7, 3] = 2
X31[4, 1, 4, 0, 3] = −1 X31[4, 1, 5, 1, 3] = −2 X31[4, 1, 5, 3, 1] = 1
X31[4, 1, 6, 2, 3] = −1 X31[4, 1, 7, 3, 3] = −1 X31[4, 2, 1, 3, 6] = 1
X31[4, 2, 3, 1, 6] = −1 X31[4, 2, 6, 1, 3] = −1 X31[4, 2, 6, 3, 1] = 1
X31[4, 3, 0, 4, 1] = −1 X31[4, 3, 1, 0, 4] = 1 X31[4, 3, 1, 1, 5] = 1
X31[4, 3, 1, 2, 6] = 1 X31[4, 3, 1, 3, 7] = 2 X31[4, 3, 1, 4, 0] = −1
X31[4, 3, 1, 5, 1] = −2 X31[4, 3, 1, 6, 2] = −1 X31[4, 3, 1, 7, 3] = −1
X31[4, 3, 2, 6, 1] = −1 X31[4, 3, 3, 1, 7] = −1 X31[4, 3, 3, 7, 1] = −1
X31[4, 3, 4, 0, 1] = 1 X31[4, 3, 5, 1, 1] = 1 X31[4, 3, 6, 2, 1] = 1
X31[4, 3, 7, 1, 3] = −1 X31[4, 3, 7, 3, 1] = 2 X31[4, 4, 0, 1, 3] = 1
X31[4, 4, 0, 3, 1] = −1 X31[4, 4, 1, 3, 0] = −1 X31[4, 4, 3, 1, 0] = 1
X31[4, 5, 1, 1, 3] = 1 X31[4, 5, 1, 3, 1] = −2 X31[4, 5, 3, 1, 1] = 1
X31[4, 6, 1, 3, 2] = −1 X31[4, 6, 2, 1, 3] = 1 X31[4, 6, 2, 3, 1] = −1
X31[4, 6, 3, 1, 2] = 1 X31[4, 7, 1, 3, 3] = −1 X31[4, 7, 3, 1, 3] = 2
X31[4, 7, 3, 3, 1] = −1 X31[5, 0, 1, 2, 4] = 1 X31[5, 0, 2, 1, 4] = −1
X31[5, 0, 4, 1, 2] = −1 X31[5, 0, 4, 2, 1] = 1 X31[5, 1, 0, 4, 2] = 1
X31[5, 1, 1, 2, 5] = 1 X31[5, 1, 1, 5, 2] = 1 X31[5, 1, 2, 0, 4] = −1
X31[5, 1, 2, 1, 5] = −2 X31[5, 1, 2, 2, 6] = −1 X31[5, 1, 2, 3, 7] = −1
X31[5, 1, 2, 4, 0] = 1 X31[5, 1, 2, 5, 1] = 1 X31[5, 1, 2, 6, 2] = 2
X31[5, 1, 2, 7, 3] = 1 X31[5, 1, 3, 7, 2] = 1 X31[5, 1, 4, 0, 2] = −1
X31[5, 1, 5, 1, 2] = −2 X31[5, 1, 5, 2, 1] = 1 X31[5, 1, 6, 2, 2] = −1
X31[5, 1, 7, 3, 2] = −1 X31[5, 2, 0, 4, 1] = −1 X31[5, 2, 1, 0, 4] = 1
X31[5, 2, 1, 1, 5] = 1 X31[5, 2, 1, 2, 6] = 2 X31[5, 2, 1, 3, 7] = 1
X31[5, 2, 1, 4, 0] = −1 X31[5, 2, 1, 5, 1] = −2 X31[5, 2, 1, 6, 2] = −1
X31[5, 2, 1, 7, 3] = −1 X31[5, 2, 2, 1, 6] = −1 X31[5, 2, 2, 6, 1] = −1
X31[5, 2, 3, 7, 1] = −1 X31[5, 2, 4, 0, 1] = 1 X31[5, 2, 5, 1, 1] = 1
X31[5, 2, 6, 1, 2] = −1 X31[5, 2, 6, 2, 1] = 2 X31[5, 2, 7, 3, 1] = 1
X31[5, 3, 1, 2, 7] = 1 X31[5, 3, 2, 1, 7] = −1 X31[5, 3, 7, 1, 2] = −1
X31[5, 3, 7, 2, 1] = 1 X31[5, 4, 0, 1, 2] = 1 X31[5, 4, 0, 2, 1] = −1
X31[5, 4, 1, 2, 0] = −1 X31[5, 4, 2, 1, 0] = 1 X31[5, 5, 1, 1, 2] = 1
X31[5, 5, 1, 2, 1] = −2 X31[5, 5, 2, 1, 1] = 1 X31[5, 6, 1, 2, 2] = −1
X31[5, 6, 2, 1, 2] = 2 X31[5, 6, 2, 2, 1] = −1 X31[5, 7, 1, 2, 3] = −1
X31[5, 7, 2, 1, 3] = 1 X31[5, 7, 3, 1, 2] = 1 X31[5, 7, 3, 2, 1] = −1
TABLE VIII: Tensor X31 (multiplied by 4
√
30).
W1[0, 0, 0, 6, 12] = 2 W1[0, 0, 0, 12, 6] = 2 W1[0, 0, 1, 7, 12] = 1
W1[0, 0, 1, 12, 7] = 1 W1[0, 0, 2, 8, 12] = 1 W1[0, 0, 2, 12, 8] = 1
W1[0, 0, 3, 9, 12] = 1 W1[0, 0, 3, 12, 9] = 1 W1[0, 0, 4, 10, 12] = 1
W1[0, 0, 4, 12, 10] = 1 W1[0, 0, 5, 11, 12] = 1 W1[0, 0, 5, 12, 11] = 1
W1[0, 0, 6, 0, 12] = 2 W1[0, 0, 6, 12, 0] = 2 W1[0, 0, 7, 1, 12] = 1
W1[0, 0, 7, 12, 1] = 1 W1[0, 0, 8, 2, 12] = 1 W1[0, 0, 8, 12, 2] = 1
W1[0, 0, 9, 3, 12] = 1 W1[0, 0, 9, 12, 3] = 1 W1[0, 0, 10, 4, 12] = 1
W1[0, 0, 10, 12, 4] = 1 W1[0, 0, 11, 5, 12] = 1 W1[0, 0, 11, 12, 5] = 1
W1[0, 0, 12, 0, 6] = 2 W1[0, 0, 12, 1, 7] = 1 W1[0, 0, 12, 2, 8] = 1
W1[0, 0, 12, 3, 9] = 1 W1[0, 0, 12, 4, 10] = 1 W1[0, 0, 12, 5, 11] = 1
W1[0, 0, 12, 6, 0] = 2 W1[0, 0, 12, 7, 1] = 1 W1[0, 0, 12, 8, 2] = 1
W1[0, 0, 12, 9, 3] = 1 W1[0, 0, 12, 10, 4] = 1 W1[0, 0, 12, 11, 5] = 1
W1[0, 1, 0, 7, 12] = 1 W1[0, 1, 0, 12, 7] = 1 W1[0, 1, 7, 0, 12] = 1
W1[0, 1, 7, 12, 0] = 1 W1[0, 1, 12, 0, 7] = 1 W1[0, 1, 12, 7, 0] = 1
W1[0, 2, 0, 8, 12] = 1 W1[0, 2, 0, 12, 8] = 1 W1[0, 2, 8, 0, 12] = 1
W1[0, 2, 8, 12, 0] = 1 W1[0, 2, 12, 0, 8] = 1 W1[0, 2, 12, 8, 0] = 1
W1[0, 3, 0, 9, 12] = 1 W1[0, 3, 0, 12, 9] = 1 W1[0, 3, 9, 0, 12] = 1
W1[0, 3, 9, 12, 0] = 1 W1[0, 3, 12, 0, 9] = 1 W1[0, 3, 12, 9, 0] = 1
W1[0, 4, 0, 10, 12] = 1 W1[0, 4, 0, 12, 10] = 1 W1[0, 4, 10, 0, 12] = 1
W1[0, 4, 10, 12, 0] = 1 W1[0, 4, 12, 0, 10] = 1 W1[0, 4, 12, 10, 0] = 1
W1[0, 5, 0, 11, 12] = 1 W1[0, 5, 0, 12, 11] = 1 W1[0, 5, 11, 0, 12] = 1
W1[0, 5, 11, 12, 0] = 1 W1[0, 5, 12, 0, 11] = 1 W1[0, 5, 12, 11, 0] = 1
W1[0, 6, 0, 0, 12] = 2 W1[0, 6, 0, 12, 0] = 2 W1[0, 6, 12, 0, 0] = 2
W1[0, 7, 0, 1, 12] = 1 W1[0, 7, 0, 12, 1] = 1 W1[0, 7, 1, 0, 12] = 1
W1[0, 7, 1, 12, 0] = 1 W1[0, 7, 12, 0, 1] = 1 W1[0, 7, 12, 1, 0] = 1
W1[0, 8, 0, 2, 12] = 1 W1[0, 8, 0, 12, 2] = 1 W1[0, 8, 2, 0, 12] = 1
W1[0, 8, 2, 12, 0] = 1 W1[0, 8, 12, 0, 2] = 1 W1[0, 8, 12, 2, 0] = 1
W1[0, 9, 0, 3, 12] = 1 W1[0, 9, 0, 12, 3] = 1 W1[0, 9, 3, 0, 12] = 1
W1[0, 9, 3, 12, 0] = 1 W1[0, 9, 12, 0, 3] = 1 W1[0, 9, 12, 3, 0] = 1
W1[0, 10, 0, 4, 12] = 1 W1[0, 10, 0, 12, 4] = 1 W1[0, 10, 4, 0, 12] = 1
W1[0, 10, 4, 12, 0] = 1 W1[0, 10, 12, 0, 4] = 1 W1[0, 10, 12, 4, 0] = 1
W1[0, 11, 0, 5, 12] = 1 W1[0, 11, 0, 12, 5] = 1 W1[0, 11, 5, 0, 12] = 1
W1[0, 11, 5, 12, 0] = 1 W1[0, 11, 12, 0, 5] = 1 W1[0, 11, 12, 5, 0] = 1
W1[0, 12, 0, 0, 6] = 2 W1[0, 12, 0, 1, 7] = 1 W1[0, 12, 0, 2, 8] = 1
W1[0, 12, 0, 3, 9] = 1 W1[0, 12, 0, 4, 10] = 1 W1[0, 12, 0, 5, 11] = 1
W1[0, 12, 0, 6, 0] = 2 W1[0, 12, 0, 7, 1] = 1 W1[0, 12, 0, 8, 2] = 1
W1[0, 12, 0, 9, 3] = 1 W1[0, 12, 0, 10, 4] = 1 W1[0, 12, 0, 11, 5] = 1
W1[0, 12, 1, 0, 7] = 1 W1[0, 12, 1, 7, 0] = 1 W1[0, 12, 2, 0, 8] = 1
W1[0, 12, 2, 8, 0] = 1 W1[0, 12, 3, 0, 9] = 1 W1[0, 12, 3, 9, 0] = 1
W1[0, 12, 4, 0, 10] = 1 W1[0, 12, 4, 10, 0] = 1 W1[0, 12, 5, 0, 11] = 1
W1[0, 12, 5, 11, 0] = 1 W1[0, 12, 6, 0, 0] = 2 W1[0, 12, 7, 0, 1] = 1
W1[0, 12, 7, 1, 0] = 1 W1[0, 12, 8, 0, 2] = 1 W1[0, 12, 8, 2, 0] = 1
W1[0, 12, 9, 0, 3] = 1 W1[0, 12, 9, 3, 0] = 1 W1[0, 12, 10, 0, 4] = 1
W1[0, 12, 10, 4, 0] = 1 W1[0, 12, 11, 0, 5] = 1 W1[0, 12, 11, 5, 0] = 1
W1[1, 0, 1, 6, 12] = 1 W1[1, 0, 1, 12, 6] = 1 W1[1, 0, 6, 1, 12] = 1
W1[1, 0, 6, 12, 1] = 1 W1[1, 0, 12, 1, 6] = 1 W1[1, 0, 12, 6, 1] = 1
W1[1, 1, 0, 6, 12] = 1 W1[1, 1, 0, 12, 6] = 1 W1[1, 1, 1, 7, 12] = 2
W1[1, 1, 1, 12, 7] = 2 W1[1, 1, 2, 8, 12] = 1 W1[1, 1, 2, 12, 8] = 1
W1[1, 1, 3, 9, 12] = 1 W1[1, 1, 3, 12, 9] = 1 W1[1, 1, 4, 10, 12] = 1
W1[1, 1, 4, 12, 10] = 1 W1[1, 1, 5, 11, 12] = 1 W1[1, 1, 5, 12, 11] = 1
W1[1, 1, 6, 0, 12] = 1 W1[1, 1, 6, 12, 0] = 1 W1[1, 1, 7, 1, 12] = 2
W1[1, 1, 7, 12, 1] = 2 W1[1, 1, 8, 2, 12] = 1 W1[1, 1, 8, 12, 2] = 1
W1[1, 1, 9, 3, 12] = 1 W1[1, 1, 9, 12, 3] = 1 W1[1, 1, 10, 4, 12] = 1
W1[1, 1, 10, 12, 4] = 1 W1[1, 1, 11, 5, 12] = 1 W1[1, 1, 11, 12, 5] = 1
W1[1, 1, 12, 0, 6] = 1 W1[1, 1, 12, 1, 7] = 2 W1[1, 1, 12, 2, 8] = 1
W1[1, 1, 12, 3, 9] = 1 W1[1, 1, 12, 4, 10] = 1 W1[1, 1, 12, 5, 11] = 1
W1[1, 1, 12, 6, 0] = 1 W1[1, 1, 12, 7, 1] = 2 W1[1, 1, 12, 8, 2] = 1
W1[1, 1, 12, 9, 3] = 1 W1[1, 1, 12, 10, 4] = 1 W1[1, 1, 12, 11, 5] = 1
W1[1, 2, 1, 8, 12] = 1 W1[1, 2, 1, 12, 8] = 1 W1[1, 2, 8, 1, 12] = 1
W1[1, 2, 8, 12, 1] = 1 W1[1, 2, 12, 1, 8] = 1 W1[1, 2, 12, 8, 1] = 1
W1[1, 3, 1, 9, 12] = 1 W1[1, 3, 1, 12, 9] = 1 W1[1, 3, 9, 1, 12] = 1
W1[1, 3, 9, 12, 1] = 1 W1[1, 3, 12, 1, 9] = 1 W1[1, 3, 12, 9, 1] = 1
W1[1, 4, 1, 10, 12] = 1 W1[1, 4, 1, 12, 10] = 1 W1[1, 4, 10, 1, 12] = 1
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W1[1, 4, 10, 12, 1] = 1 W1[1, 4, 12, 1, 10] = 1 W1[1, 4, 12, 10, 1] = 1
W1[1, 5, 1, 11, 12] = 1 W1[1, 5, 1, 12, 11] = 1 W1[1, 5, 11, 1, 12] = 1
W1[1, 5, 11, 12, 1] = 1 W1[1, 5, 12, 1, 11] = 1 W1[1, 5, 12, 11, 1] = 1
W1[1, 6, 0, 1, 12] = 1 W1[1, 6, 0, 12, 1] = 1 W1[1, 6, 1, 0, 12] = 1
W1[1, 6, 1, 12, 0] = 1 W1[1, 6, 12, 0, 1] = 1 W1[1, 6, 12, 1, 0] = 1
W1[1, 7, 1, 1, 12] = 2 W1[1, 7, 1, 12, 1] = 2 W1[1, 7, 12, 1, 1] = 2
W1[1, 8, 1, 2, 12] = 1 W1[1, 8, 1, 12, 2] = 1 W1[1, 8, 2, 1, 12] = 1
W1[1, 8, 2, 12, 1] = 1 W1[1, 8, 12, 1, 2] = 1 W1[1, 8, 12, 2, 1] = 1
W1[1, 9, 1, 3, 12] = 1 W1[1, 9, 1, 12, 3] = 1 W1[1, 9, 3, 1, 12] = 1
W1[1, 9, 3, 12, 1] = 1 W1[1, 9, 12, 1, 3] = 1 W1[1, 9, 12, 3, 1] = 1
W1[1, 10, 1, 4, 12] = 1 W1[1, 10, 1, 12, 4] = 1 W1[1, 10, 4, 1, 12] = 1
W1[1, 10, 4, 12, 1] = 1 W1[1, 10, 12, 1, 4] = 1 W1[1, 10, 12, 4, 1] = 1
W1[1, 11, 1, 5, 12] = 1 W1[1, 11, 1, 12, 5] = 1 W1[1, 11, 5, 1, 12] = 1
W1[1, 11, 5, 12, 1] = 1 W1[1, 11, 12, 1, 5] = 1 W1[1, 11, 12, 5, 1] = 1
W1[1, 12, 0, 1, 6] = 1 W1[1, 12, 0, 6, 1] = 1 W1[1, 12, 1, 0, 6] = 1
W1[1, 12, 1, 1, 7] = 2 W1[1, 12, 1, 2, 8] = 1 W1[1, 12, 1, 3, 9] = 1
W1[1, 12, 1, 4, 10] = 1 W1[1, 12, 1, 5, 11] = 1 W1[1, 12, 1, 6, 0] = 1
W1[1, 12, 1, 7, 1] = 2 W1[1, 12, 1, 8, 2] = 1 W1[1, 12, 1, 9, 3] = 1
W1[1, 12, 1, 10, 4] = 1 W1[1, 12, 1, 11, 5] = 1 W1[1, 12, 2, 1, 8] = 1
W1[1, 12, 2, 8, 1] = 1 W1[1, 12, 3, 1, 9] = 1 W1[1, 12, 3, 9, 1] = 1
W1[1, 12, 4, 1, 10] = 1 W1[1, 12, 4, 10, 1] = 1 W1[1, 12, 5, 1, 11] = 1
W1[1, 12, 5, 11, 1] = 1 W1[1, 12, 6, 0, 1] = 1 W1[1, 12, 6, 1, 0] = 1
W1[1, 12, 7, 1, 1] = 2 W1[1, 12, 8, 1, 2] = 1 W1[1, 12, 8, 2, 1] = 1
W1[1, 12, 9, 1, 3] = 1 W1[1, 12, 9, 3, 1] = 1 W1[1, 12, 10, 1, 4] = 1
W1[1, 12, 10, 4, 1] = 1 W1[1, 12, 11, 1, 5] = 1 W1[1, 12, 11, 5, 1] = 1
W1[2, 0, 2, 6, 12] = 1 W1[2, 0, 2, 12, 6] = 1 W1[2, 0, 6, 2, 12] = 1
W1[2, 0, 6, 12, 2] = 1 W1[2, 0, 12, 2, 6] = 1 W1[2, 0, 12, 6, 2] = 1
W1[2, 1, 2, 7, 12] = 1 W1[2, 1, 2, 12, 7] = 1 W1[2, 1, 7, 2, 12] = 1
W1[2, 1, 7, 12, 2] = 1 W1[2, 1, 12, 2, 7] = 1 W1[2, 1, 12, 7, 2] = 1
W1[2, 2, 0, 6, 12] = 1 W1[2, 2, 0, 12, 6] = 1 W1[2, 2, 1, 7, 12] = 1
W1[2, 2, 1, 12, 7] = 1 W1[2, 2, 2, 8, 12] = 2 W1[2, 2, 2, 12, 8] = 2
W1[2, 2, 3, 9, 12] = 1 W1[2, 2, 3, 12, 9] = 1 W1[2, 2, 4, 10, 12] = 1
W1[2, 2, 4, 12, 10] = 1 W1[2, 2, 5, 11, 12] = 1 W1[2, 2, 5, 12, 11] = 1
W1[2, 2, 6, 0, 12] = 1 W1[2, 2, 6, 12, 0] = 1 W1[2, 2, 7, 1, 12] = 1
W1[2, 2, 7, 12, 1] = 1 W1[2, 2, 8, 2, 12] = 2 W1[2, 2, 8, 12, 2] = 2
W1[2, 2, 9, 3, 12] = 1 W1[2, 2, 9, 12, 3] = 1 W1[2, 2, 10, 4, 12] = 1
W1[2, 2, 10, 12, 4] = 1 W1[2, 2, 11, 5, 12] = 1 W1[2, 2, 11, 12, 5] = 1
W1[2, 2, 12, 0, 6] = 1 W1[2, 2, 12, 1, 7] = 1 W1[2, 2, 12, 2, 8] = 2
W1[2, 2, 12, 3, 9] = 1 W1[2, 2, 12, 4, 10] = 1 W1[2, 2, 12, 5, 11] = 1
W1[2, 2, 12, 6, 0] = 1 W1[2, 2, 12, 7, 1] = 1 W1[2, 2, 12, 8, 2] = 2
W1[2, 2, 12, 9, 3] = 1 W1[2, 2, 12, 10, 4] = 1 W1[2, 2, 12, 11, 5] = 1
W1[2, 3, 2, 9, 12] = 1 W1[2, 3, 2, 12, 9] = 1 W1[2, 3, 9, 2, 12] = 1
W1[2, 3, 9, 12, 2] = 1 W1[2, 3, 12, 2, 9] = 1 W1[2, 3, 12, 9, 2] = 1
W1[2, 4, 2, 10, 12] = 1 W1[2, 4, 2, 12, 10] = 1 W1[2, 4, 10, 2, 12] = 1
W1[2, 4, 10, 12, 2] = 1 W1[2, 4, 12, 2, 10] = 1 W1[2, 4, 12, 10, 2] = 1
W1[2, 5, 2, 11, 12] = 1 W1[2, 5, 2, 12, 11] = 1 W1[2, 5, 11, 2, 12] = 1
W1[2, 5, 11, 12, 2] = 1 W1[2, 5, 12, 2, 11] = 1 W1[2, 5, 12, 11, 2] = 1
W1[2, 6, 0, 2, 12] = 1 W1[2, 6, 0, 12, 2] = 1 W1[2, 6, 2, 0, 12] = 1
W1[2, 6, 2, 12, 0] = 1 W1[2, 6, 12, 0, 2] = 1 W1[2, 6, 12, 2, 0] = 1
W1[2, 7, 1, 2, 12] = 1 W1[2, 7, 1, 12, 2] = 1 W1[2, 7, 2, 1, 12] = 1
W1[2, 7, 2, 12, 1] = 1 W1[2, 7, 12, 1, 2] = 1 W1[2, 7, 12, 2, 1] = 1
W1[2, 8, 2, 2, 12] = 2 W1[2, 8, 2, 12, 2] = 2 W1[2, 8, 12, 2, 2] = 2
W1[2, 9, 2, 3, 12] = 1 W1[2, 9, 2, 12, 3] = 1 W1[2, 9, 3, 2, 12] = 1
W1[2, 9, 3, 12, 2] = 1 W1[2, 9, 12, 2, 3] = 1 W1[2, 9, 12, 3, 2] = 1
W1[2, 10, 2, 4, 12] = 1 W1[2, 10, 2, 12, 4] = 1 W1[2, 10, 4, 2, 12] = 1
W1[2, 10, 4, 12, 2] = 1 W1[2, 10, 12, 2, 4] = 1 W1[2, 10, 12, 4, 2] = 1
W1[2, 11, 2, 5, 12] = 1 W1[2, 11, 2, 12, 5] = 1 W1[2, 11, 5, 2, 12] = 1
W1[2, 11, 5, 12, 2] = 1 W1[2, 11, 12, 2, 5] = 1 W1[2, 11, 12, 5, 2] = 1
W1[2, 12, 0, 2, 6] = 1 W1[2, 12, 0, 6, 2] = 1 W1[2, 12, 1, 2, 7] = 1
W1[2, 12, 1, 7, 2] = 1 W1[2, 12, 2, 0, 6] = 1 W1[2, 12, 2, 1, 7] = 1
W1[2, 12, 2, 2, 8] = 2 W1[2, 12, 2, 3, 9] = 1 W1[2, 12, 2, 4, 10] = 1
W1[2, 12, 2, 5, 11] = 1 W1[2, 12, 2, 6, 0] = 1 W1[2, 12, 2, 7, 1] = 1
W1[2, 12, 2, 8, 2] = 2 W1[2, 12, 2, 9, 3] = 1 W1[2, 12, 2, 10, 4] = 1
W1[2, 12, 2, 11, 5] = 1 W1[2, 12, 3, 2, 9] = 1 W1[2, 12, 3, 9, 2] = 1
W1[2, 12, 4, 2, 10] = 1 W1[2, 12, 4, 10, 2] = 1 W1[2, 12, 5, 2, 11] = 1
W1[2, 12, 5, 11, 2] = 1 W1[2, 12, 6, 0, 2] = 1 W1[2, 12, 6, 2, 0] = 1
W1[2, 12, 7, 1, 2] = 1 W1[2, 12, 7, 2, 1] = 1 W1[2, 12, 8, 2, 2] = 2
W1[2, 12, 9, 2, 3] = 1 W1[2, 12, 9, 3, 2] = 1 W1[2, 12, 10, 2, 4] = 1
W1[2, 12, 10, 4, 2] = 1 W1[2, 12, 11, 2, 5] = 1 W1[2, 12, 11, 5, 2] = 1
W1[3, 0, 3, 6, 12] = 1 W1[3, 0, 3, 12, 6] = 1 W1[3, 0, 6, 3, 12] = 1
W1[3, 0, 6, 12, 3] = 1 W1[3, 0, 12, 3, 6] = 1 W1[3, 0, 12, 6, 3] = 1
W1[3, 1, 3, 7, 12] = 1 W1[3, 1, 3, 12, 7] = 1 W1[3, 1, 7, 3, 12] = 1
W1[3, 1, 7, 12, 3] = 1 W1[3, 1, 12, 3, 7] = 1 W1[3, 1, 12, 7, 3] = 1
W1[3, 2, 3, 8, 12] = 1 W1[3, 2, 3, 12, 8] = 1 W1[3, 2, 8, 3, 12] = 1
W1[3, 2, 8, 12, 3] = 1 W1[3, 2, 12, 3, 8] = 1 W1[3, 2, 12, 8, 3] = 1
W1[3, 3, 0, 6, 12] = 1 W1[3, 3, 0, 12, 6] = 1 W1[3, 3, 1, 7, 12] = 1
W1[3, 3, 1, 12, 7] = 1 W1[3, 3, 2, 8, 12] = 1 W1[3, 3, 2, 12, 8] = 1
W1[3, 3, 3, 9, 12] = 2 W1[3, 3, 3, 12, 9] = 2 W1[3, 3, 4, 10, 12] = 1
W1[3, 3, 4, 12, 10] = 1 W1[3, 3, 5, 11, 12] = 1 W1[3, 3, 5, 12, 11] = 1
W1[3, 3, 6, 0, 12] = 1 W1[3, 3, 6, 12, 0] = 1 W1[3, 3, 7, 1, 12] = 1
W1[3, 3, 7, 12, 1] = 1 W1[3, 3, 8, 2, 12] = 1 W1[3, 3, 8, 12, 2] = 1
W1[3, 3, 9, 3, 12] = 2 W1[3, 3, 9, 12, 3] = 2 W1[3, 3, 10, 4, 12] = 1
W1[3, 3, 10, 12, 4] = 1 W1[3, 3, 11, 5, 12] = 1 W1[3, 3, 11, 12, 5] = 1
W1[3, 3, 12, 0, 6] = 1 W1[3, 3, 12, 1, 7] = 1 W1[3, 3, 12, 2, 8] = 1
W1[3, 3, 12, 3, 9] = 2 W1[3, 3, 12, 4, 10] = 1 W1[3, 3, 12, 5, 11] = 1
W1[3, 3, 12, 6, 0] = 1 W1[3, 3, 12, 7, 1] = 1 W1[3, 3, 12, 8, 2] = 1
W1[3, 3, 12, 9, 3] = 2 W1[3, 3, 12, 10, 4] = 1 W1[3, 3, 12, 11, 5] = 1
W1[3, 4, 3, 10, 12] = 1 W1[3, 4, 3, 12, 10] = 1 W1[3, 4, 10, 3, 12] = 1
W1[3, 4, 10, 12, 3] = 1 W1[3, 4, 12, 3, 10] = 1 W1[3, 4, 12, 10, 3] = 1
W1[3, 5, 3, 11, 12] = 1 W1[3, 5, 3, 12, 11] = 1 W1[3, 5, 11, 3, 12] = 1
W1[3, 5, 11, 12, 3] = 1 W1[3, 5, 12, 3, 11] = 1 W1[3, 5, 12, 11, 3] = 1
W1[3, 6, 0, 3, 12] = 1 W1[3, 6, 0, 12, 3] = 1 W1[3, 6, 3, 0, 12] = 1
W1[3, 6, 3, 12, 0] = 1 W1[3, 6, 12, 0, 3] = 1 W1[3, 6, 12, 3, 0] = 1
W1[3, 7, 1, 3, 12] = 1 W1[3, 7, 1, 12, 3] = 1 W1[3, 7, 3, 1, 12] = 1
W1[3, 7, 3, 12, 1] = 1 W1[3, 7, 12, 1, 3] = 1 W1[3, 7, 12, 3, 1] = 1
W1[3, 8, 2, 3, 12] = 1 W1[3, 8, 2, 12, 3] = 1 W1[3, 8, 3, 2, 12] = 1
W1[3, 8, 3, 12, 2] = 1 W1[3, 8, 12, 2, 3] = 1 W1[3, 8, 12, 3, 2] = 1
W1[3, 9, 3, 3, 12] = 2 W1[3, 9, 3, 12, 3] = 2 W1[3, 9, 12, 3, 3] = 2
W1[3, 10, 3, 4, 12] = 1 W1[3, 10, 3, 12, 4] = 1 W1[3, 10, 4, 3, 12] = 1
W1[3, 10, 4, 12, 3] = 1 W1[3, 10, 12, 3, 4] = 1 W1[3, 10, 12, 4, 3] = 1
W1[3, 11, 3, 5, 12] = 1 W1[3, 11, 3, 12, 5] = 1 W1[3, 11, 5, 3, 12] = 1
W1[3, 11, 5, 12, 3] = 1 W1[3, 11, 12, 3, 5] = 1 W1[3, 11, 12, 5, 3] = 1
W1[3, 12, 0, 3, 6] = 1 W1[3, 12, 0, 6, 3] = 1 W1[3, 12, 1, 3, 7] = 1
W1[3, 12, 1, 7, 3] = 1 W1[3, 12, 2, 3, 8] = 1 W1[3, 12, 2, 8, 3] = 1
W1[3, 12, 3, 0, 6] = 1 W1[3, 12, 3, 1, 7] = 1 W1[3, 12, 3, 2, 8] = 1
W1[3, 12, 3, 3, 9] = 2 W1[3, 12, 3, 4, 10] = 1 W1[3, 12, 3, 5, 11] = 1
W1[3, 12, 3, 6, 0] = 1 W1[3, 12, 3, 7, 1] = 1 W1[3, 12, 3, 8, 2] = 1
W1[3, 12, 3, 9, 3] = 2 W1[3, 12, 3, 10, 4] = 1 W1[3, 12, 3, 11, 5] = 1
W1[3, 12, 4, 3, 10] = 1 W1[3, 12, 4, 10, 3] = 1 W1[3, 12, 5, 3, 11] = 1
W1[3, 12, 5, 11, 3] = 1 W1[3, 12, 6, 0, 3] = 1 W1[3, 12, 6, 3, 0] = 1
W1[3, 12, 7, 1, 3] = 1 W1[3, 12, 7, 3, 1] = 1 W1[3, 12, 8, 2, 3] = 1
W1[3, 12, 8, 3, 2] = 1 W1[3, 12, 9, 3, 3] = 2 W1[3, 12, 10, 3, 4] = 1
W1[3, 12, 10, 4, 3] = 1 W1[3, 12, 11, 3, 5] = 1 W1[3, 12, 11, 5, 3] = 1
W1[4, 0, 4, 6, 12] = 1 W1[4, 0, 4, 12, 6] = 1 W1[4, 0, 6, 4, 12] = 1
W1[4, 0, 6, 12, 4] = 1 W1[4, 0, 12, 4, 6] = 1 W1[4, 0, 12, 6, 4] = 1
W1[4, 1, 4, 7, 12] = 1 W1[4, 1, 4, 12, 7] = 1 W1[4, 1, 7, 4, 12] = 1
W1[4, 1, 7, 12, 4] = 1 W1[4, 1, 12, 4, 7] = 1 W1[4, 1, 12, 7, 4] = 1
W1[4, 2, 4, 8, 12] = 1 W1[4, 2, 4, 12, 8] = 1 W1[4, 2, 8, 4, 12] = 1
W1[4, 2, 8, 12, 4] = 1 W1[4, 2, 12, 4, 8] = 1 W1[4, 2, 12, 8, 4] = 1
W1[4, 3, 4, 9, 12] = 1 W1[4, 3, 4, 12, 9] = 1 W1[4, 3, 9, 4, 12] = 1
W1[4, 3, 9, 12, 4] = 1 W1[4, 3, 12, 4, 9] = 1 W1[4, 3, 12, 9, 4] = 1
W1[4, 4, 0, 6, 12] = 1 W1[4, 4, 0, 12, 6] = 1 W1[4, 4, 1, 7, 12] = 1
W1[4, 4, 1, 12, 7] = 1 W1[4, 4, 2, 8, 12] = 1 W1[4, 4, 2, 12, 8] = 1
W1[4, 4, 3, 9, 12] = 1 W1[4, 4, 3, 12, 9] = 1 W1[4, 4, 4, 10, 12] = 2
W1[4, 4, 4, 12, 10] = 2 W1[4, 4, 5, 11, 12] = 1 W1[4, 4, 5, 12, 11] = 1
W1[4, 4, 6, 0, 12] = 1 W1[4, 4, 6, 12, 0] = 1 W1[4, 4, 7, 1, 12] = 1
W1[4, 4, 7, 12, 1] = 1 W1[4, 4, 8, 2, 12] = 1 W1[4, 4, 8, 12, 2] = 1
W1[4, 4, 9, 3, 12] = 1 W1[4, 4, 9, 12, 3] = 1 W1[4, 4, 10, 4, 12] = 2
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W1[4, 4, 10, 12, 4] = 2 W1[4, 4, 11, 5, 12] = 1 W1[4, 4, 11, 12, 5] = 1
W1[4, 4, 12, 0, 6] = 1 W1[4, 4, 12, 1, 7] = 1 W1[4, 4, 12, 2, 8] = 1
W1[4, 4, 12, 3, 9] = 1 W1[4, 4, 12, 4, 10] = 2 W1[4, 4, 12, 5, 11] = 1
W1[4, 4, 12, 6, 0] = 1 W1[4, 4, 12, 7, 1] = 1 W1[4, 4, 12, 8, 2] = 1
W1[4, 4, 12, 9, 3] = 1 W1[4, 4, 12, 10, 4] = 2 W1[4, 4, 12, 11, 5] = 1
W1[4, 5, 4, 11, 12] = 1 W1[4, 5, 4, 12, 11] = 1 W1[4, 5, 11, 4, 12] = 1
W1[4, 5, 11, 12, 4] = 1 W1[4, 5, 12, 4, 11] = 1 W1[4, 5, 12, 11, 4] = 1
W1[4, 6, 0, 4, 12] = 1 W1[4, 6, 0, 12, 4] = 1 W1[4, 6, 4, 0, 12] = 1
W1[4, 6, 4, 12, 0] = 1 W1[4, 6, 12, 0, 4] = 1 W1[4, 6, 12, 4, 0] = 1
W1[4, 7, 1, 4, 12] = 1 W1[4, 7, 1, 12, 4] = 1 W1[4, 7, 4, 1, 12] = 1
W1[4, 7, 4, 12, 1] = 1 W1[4, 7, 12, 1, 4] = 1 W1[4, 7, 12, 4, 1] = 1
W1[4, 8, 2, 4, 12] = 1 W1[4, 8, 2, 12, 4] = 1 W1[4, 8, 4, 2, 12] = 1
W1[4, 8, 4, 12, 2] = 1 W1[4, 8, 12, 2, 4] = 1 W1[4, 8, 12, 4, 2] = 1
W1[4, 9, 3, 4, 12] = 1 W1[4, 9, 3, 12, 4] = 1 W1[4, 9, 4, 3, 12] = 1
W1[4, 9, 4, 12, 3] = 1 W1[4, 9, 12, 3, 4] = 1 W1[4, 9, 12, 4, 3] = 1
W1[4, 10, 4, 4, 12] = 2 W1[4, 10, 4, 12, 4] = 2 W1[4, 10, 12, 4, 4] = 2
W1[4, 11, 4, 5, 12] = 1 W1[4, 11, 4, 12, 5] = 1 W1[4, 11, 5, 4, 12] = 1
W1[4, 11, 5, 12, 4] = 1 W1[4, 11, 12, 4, 5] = 1 W1[4, 11, 12, 5, 4] = 1
W1[4, 12, 0, 4, 6] = 1 W1[4, 12, 0, 6, 4] = 1 W1[4, 12, 1, 4, 7] = 1
W1[4, 12, 1, 7, 4] = 1 W1[4, 12, 2, 4, 8] = 1 W1[4, 12, 2, 8, 4] = 1
W1[4, 12, 3, 4, 9] = 1 W1[4, 12, 3, 9, 4] = 1 W1[4, 12, 4, 0, 6] = 1
W1[4, 12, 4, 1, 7] = 1 W1[4, 12, 4, 2, 8] = 1 W1[4, 12, 4, 3, 9] = 1
W1[4, 12, 4, 4, 10] = 2 W1[4, 12, 4, 5, 11] = 1 W1[4, 12, 4, 6, 0] = 1
W1[4, 12, 4, 7, 1] = 1 W1[4, 12, 4, 8, 2] = 1 W1[4, 12, 4, 9, 3] = 1
W1[4, 12, 4, 10, 4] = 2 W1[4, 12, 4, 11, 5] = 1 W1[4, 12, 5, 4, 11] = 1
W1[4, 12, 5, 11, 4] = 1 W1[4, 12, 6, 0, 4] = 1 W1[4, 12, 6, 4, 0] = 1
W1[4, 12, 7, 1, 4] = 1 W1[4, 12, 7, 4, 1] = 1 W1[4, 12, 8, 2, 4] = 1
W1[4, 12, 8, 4, 2] = 1 W1[4, 12, 9, 3, 4] = 1 W1[4, 12, 9, 4, 3] = 1
W1[4, 12, 10, 4, 4] = 2 W1[4, 12, 11, 4, 5] = 1 W1[4, 12, 11, 5, 4] = 1
W1[5, 0, 5, 6, 12] = 1 W1[5, 0, 5, 12, 6] = 1 W1[5, 0, 6, 5, 12] = 1
W1[5, 0, 6, 12, 5] = 1 W1[5, 0, 12, 5, 6] = 1 W1[5, 0, 12, 6, 5] = 1
W1[5, 1, 5, 7, 12] = 1 W1[5, 1, 5, 12, 7] = 1 W1[5, 1, 7, 5, 12] = 1
W1[5, 1, 7, 12, 5] = 1 W1[5, 1, 12, 5, 7] = 1 W1[5, 1, 12, 7, 5] = 1
W1[5, 2, 5, 8, 12] = 1 W1[5, 2, 5, 12, 8] = 1 W1[5, 2, 8, 5, 12] = 1
W1[5, 2, 8, 12, 5] = 1 W1[5, 2, 12, 5, 8] = 1 W1[5, 2, 12, 8, 5] = 1
W1[5, 3, 5, 9, 12] = 1 W1[5, 3, 5, 12, 9] = 1 W1[5, 3, 9, 5, 12] = 1
W1[5, 3, 9, 12, 5] = 1 W1[5, 3, 12, 5, 9] = 1 W1[5, 3, 12, 9, 5] = 1
W1[5, 4, 5, 10, 12] = 1 W1[5, 4, 5, 12, 10] = 1 W1[5, 4, 10, 5, 12] = 1
W1[5, 4, 10, 12, 5] = 1 W1[5, 4, 12, 5, 10] = 1 W1[5, 4, 12, 10, 5] = 1
W1[5, 5, 0, 6, 12] = 1 W1[5, 5, 0, 12, 6] = 1 W1[5, 5, 1, 7, 12] = 1
W1[5, 5, 1, 12, 7] = 1 W1[5, 5, 2, 8, 12] = 1 W1[5, 5, 2, 12, 8] = 1
W1[5, 5, 3, 9, 12] = 1 W1[5, 5, 3, 12, 9] = 1 W1[5, 5, 4, 10, 12] = 1
W1[5, 5, 4, 12, 10] = 1 W1[5, 5, 5, 11, 12] = 2 W1[5, 5, 5, 12, 11] = 2
W1[5, 5, 6, 0, 12] = 1 W1[5, 5, 6, 12, 0] = 1 W1[5, 5, 7, 1, 12] = 1
W1[5, 5, 7, 12, 1] = 1 W1[5, 5, 8, 2, 12] = 1 W1[5, 5, 8, 12, 2] = 1
W1[5, 5, 9, 3, 12] = 1 W1[5, 5, 9, 12, 3] = 1 W1[5, 5, 10, 4, 12] = 1
W1[5, 5, 10, 12, 4] = 1 W1[5, 5, 11, 5, 12] = 2 W1[5, 5, 11, 12, 5] = 2
W1[5, 5, 12, 0, 6] = 1 W1[5, 5, 12, 1, 7] = 1 W1[5, 5, 12, 2, 8] = 1
W1[5, 5, 12, 3, 9] = 1 W1[5, 5, 12, 4, 10] = 1 W1[5, 5, 12, 5, 11] = 2
W1[5, 5, 12, 6, 0] = 1 W1[5, 5, 12, 7, 1] = 1 W1[5, 5, 12, 8, 2] = 1
W1[5, 5, 12, 9, 3] = 1 W1[5, 5, 12, 10, 4] = 1 W1[5, 5, 12, 11, 5] = 2
W1[5, 6, 0, 5, 12] = 1 W1[5, 6, 0, 12, 5] = 1 W1[5, 6, 5, 0, 12] = 1
W1[5, 6, 5, 12, 0] = 1 W1[5, 6, 12, 0, 5] = 1 W1[5, 6, 12, 5, 0] = 1
W1[5, 7, 1, 5, 12] = 1 W1[5, 7, 1, 12, 5] = 1 W1[5, 7, 5, 1, 12] = 1
W1[5, 7, 5, 12, 1] = 1 W1[5, 7, 12, 1, 5] = 1 W1[5, 7, 12, 5, 1] = 1
W1[5, 8, 2, 5, 12] = 1 W1[5, 8, 2, 12, 5] = 1 W1[5, 8, 5, 2, 12] = 1
W1[5, 8, 5, 12, 2] = 1 W1[5, 8, 12, 2, 5] = 1 W1[5, 8, 12, 5, 2] = 1
W1[5, 9, 3, 5, 12] = 1 W1[5, 9, 3, 12, 5] = 1 W1[5, 9, 5, 3, 12] = 1
W1[5, 9, 5, 12, 3] = 1 W1[5, 9, 12, 3, 5] = 1 W1[5, 9, 12, 5, 3] = 1
W1[5, 10, 4, 5, 12] = 1 W1[5, 10, 4, 12, 5] = 1 W1[5, 10, 5, 4, 12] = 1
W1[5, 10, 5, 12, 4] = 1 W1[5, 10, 12, 4, 5] = 1 W1[5, 10, 12, 5, 4] = 1
W1[5, 11, 5, 5, 12] = 2 W1[5, 11, 5, 12, 5] = 2 W1[5, 11, 12, 5, 5] = 2
W1[5, 12, 0, 5, 6] = 1 W1[5, 12, 0, 6, 5] = 1 W1[5, 12, 1, 5, 7] = 1
W1[5, 12, 1, 7, 5] = 1 W1[5, 12, 2, 5, 8] = 1 W1[5, 12, 2, 8, 5] = 1
W1[5, 12, 3, 5, 9] = 1 W1[5, 12, 3, 9, 5] = 1 W1[5, 12, 4, 5, 10] = 1
W1[5, 12, 4, 10, 5] = 1 W1[5, 12, 5, 0, 6] = 1 W1[5, 12, 5, 1, 7] = 1
W1[5, 12, 5, 2, 8] = 1 W1[5, 12, 5, 3, 9] = 1 W1[5, 12, 5, 4, 10] = 1
W1[5, 12, 5, 5, 11] = 2 W1[5, 12, 5, 6, 0] = 1 W1[5, 12, 5, 7, 1] = 1
W1[5, 12, 5, 8, 2] = 1 W1[5, 12, 5, 9, 3] = 1 W1[5, 12, 5, 10, 4] = 1
W1[5, 12, 5, 11, 5] = 2 W1[5, 12, 6, 0, 5] = 1 W1[5, 12, 6, 5, 0] = 1
W1[5, 12, 7, 1, 5] = 1 W1[5, 12, 7, 5, 1] = 1 W1[5, 12, 8, 2, 5] = 1
W1[5, 12, 8, 5, 2] = 1 W1[5, 12, 9, 3, 5] = 1 W1[5, 12, 9, 5, 3] = 1
W1[5, 12, 10, 4, 5] = 1 W1[5, 12, 10, 5, 4] = 1 W1[5, 12, 11, 5, 5] = 2
TABLE IX: Tensor W1 (multiplied by 12
√
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FIG. 6. Comparison of ED, DMRG and iPEPS energy densities
for various values of θ, as indicated on plots. Finite size (finite χ)
scaling is shown for ED periodic clusters and open DMRG cylin-
ders (iPEPS infinite systems). Different PEPS are considered: T1
(a,b), W1 (c,d) and X13 (e). In (c), finite size scalings of the ED
and DMRG data are attempted as  = eQMC − ax exp{−b/x},
where x = 1/
√
N and x = 1/Ly , respectively, and eQMC is the
(exact) QMC energy, providing estimates ξ66¯ = 1/b of the correla-
tion length ∼ 4.4 and ∼ 5.4. Otherwise, crude linear fits in x are
shown. The variational energy of the SU(6) 6-site plaquette phase
is reported in (f).
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FIG. 7. Critical behavior of the X13/X31 PEPS ansatz. (a)
Largest correlation length ξ vs χ. (b) Scaling of the entangle-
ment entropy vs the log of ξ. A central charge c = 1 is pro-
posed [25]. (c) Two point (spin-spin) correlation function. An effec-
tive spin-spin correlation length is proposed with a fit CS(r+ 1) =
CS(1) exp(−r/ξS) (d) Four point (dimer-dimer) correlation func-
tion, with critical exponent α fitted with Cd(r + 1) = Cd(2)r
−α.
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<latexit sha1_base64="99eOrhGuJQUQApEOTD6y+7MdhTI="> AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQb0FvXiMjzwgWcLspJMMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7glhwbV z328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGN1O/+YRK80g+mnGMfkgHkvc5o8ZKD/fdq26x5JbdG cgy8TJSggy1bvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns1Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan 4n9dOTP/ST7mME4OSzRf1E0FMRKZ/kx5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf48jJpVMreWblyd16qXmdx5OEIjuEUPLiAKtxCDerAYA DP8ApvjnBenHfnY96ac7KZQ/gD5/MH3yuNhg==</latexit>
15
<latexit sha1_base64="rKUja1mQrmsmPXImzAzmn7Yv/zo=">AAAB9HicbVDLSsNAFL2pr1pfVZdugkVwVRLrc1d047KCfUAbymQ 6aYdOZuLMpFBCv8ONC0Xc+jHu/BsnaRC1Hhg4nHMP987xI0aVdpxPq7C0vLK6VlwvbWxube+Ud/daSsQSkyYWTMiOjxRhlJOmppqRTiQJCn1G2v74JvXbEyIVFfxeTyPihWjIaUAx0kbyesKYaTZxz2b9csWpOhnsReLmpAI5Gv3yR28gcBwSrjFDSnVdJ9JegqSmmJFZqRcr EiE8RkPSNZSjkCgvyY6e2UdGGdiBkOZxbWfqz0SCQqWmoW8mQ6RH6q+Xiv953VgHl15CeRRrwvF8URAzWws7bcAeUEmwZlNDEJbU3GrjEZIIa9NTKSvhKsX595cXSeuk6taqtbvTSv06r6MIB3AIx+DCBdThFhrQBAwP8AjP8GJNrCfr1XqbjxasPLMPv2C9fwHmTpJR</lat exit>
15⇤
<latexit sha1_base64="quj/ObYf8za7UKase0Dur5LyvWY=">AAAB63icbVDLSsNAFL2pr1pfVZduBosgLkpife6KblxWsA9oY5l MJ+3QmUmYmQgl9BfcuFDErT/kzr8xSYOo9cCFwzn3cu89XsiZNrb9aRUWFpeWV4qrpbX1jc2t8vZOSweRIrRJAh6ojoc15UzSpmGG006oKBYep21vfJ367QeqNAvknZmE1BV4KJnPCDap5JzeH/XLFbtqZ0DzxMlJBXI0+uWP3iAgkaDSEI617jp2aNwYK8MIp9NSL9I0xGSM h7SbUIkF1W6c3TpFB4kyQH6gkpIGZerPiRgLrSfCSzoFNiP910vF/7xuZPwLN2YyjAyVZLbIjzgyAUofRwOmKDF8khBMFEtuRWSEFSYmiaeUhXCZ4uz75XnSOq46tWrt9qRSv8rjKMIe7MMhOHAOdbiBBjSBwAge4RleLGE9Wa/W26y1YOUzu/AL1vsXIgSNxw==</latexit >
15
<latexit sha1_base64="1wpemQTU0iIFASvNmo13QJNhHb4=">AAAB6XicbVDLSsNAFL2pr1pfVZduBovgqiS2vnZFNy6r2Ae0oUy mk3boZBJmJkIJ/QM3LhRx6x+582+cpEHUeuDC4Zx7ufceL+JMadv+tApLyyura8X10sbm1vZOeXevrcJYEtoiIQ9l18OKciZoSzPNaTeSFAcepx1vcp36nQcqFQvFvZ5G1A3wSDCfEayNdOecDsoVu2pnQIvEyUkFcjQH5Y/+MCRxQIUmHCvVc+xIuwmWmhFOZ6V+rGiEyQSP aM9QgQOq3CS7dIaOjDJEfihNCY0y9edEggOlpoFnOgOsx+qvl4r/eb1Y+xduwkQUayrIfJEfc6RDlL6NhkxSovnUEEwkM7ciMsYSE23CKWUhXKY4+355kbRPqk6tWrutVxpXeRxFOIBDOAYHzqEBN9CEFhDw4RGe4cWaWE/Wq/U2by1Y+cw+/IL1/gUI3Y0r</latexit>
15
<latexit sha1_base64="1wpemQTU0iIFASvNmo13QJNhHb4=">AAAB6XicbVDLSsNAFL2pr1pfVZduBovgqiS2vnZFNy6r2Ae0oUy mk3boZBJmJkIJ/QM3LhRx6x+582+cpEHUeuDC4Zx7ufceL+JMadv+tApLyyura8X10sbm1vZOeXevrcJYEtoiIQ9l18OKciZoSzPNaTeSFAcepx1vcp36nQcqFQvFvZ5G1A3wSDCfEayNdOecDsoVu2pnQIvEyUkFcjQH5Y/+MCRxQIUmHCvVc+xIuwmWmhFOZ6V+rGiEyQSP aM9QgQOq3CS7dIaOjDJEfihNCY0y9edEggOlpoFnOgOsx+qvl4r/eb1Y+xduwkQUayrIfJEfc6RDlL6NhkxSovnUEEwkM7ciMsYSE23CKWUhXKY4+355kbRPqk6tWrutVxpXeRxFOIBDOAYHzqEBN9CEFhDw4RGe4cWaWE/Wq/U2by1Y+cw+/IL1/gUI3Y0r</latexit>
(b) (c)
T0
<latexit sha1_base64="movfb9dd3/Q3Lp3VTbeqlLztegU="> AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rFiv6ANZbOdtEs3m7C7EUroT/DiQRGv/iJv/hu3bQ7a+mDg8d4MM/OCRHBtXP fbWVvf2NzaLuwUd/f2Dw5LR8ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZn77CZXmsWyYSYJ+RIeSh5xRY6XHRt/tl8puxZ2Dr BIvJ2XIUe+XvnqDmKURSsME1brruYnxM6oMZwKnxV6qMaFsTIfYtVTSCLWfzU+dknOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+ 8bmrCGz/jMkkNSrZYFKaCmJjM/iYDrpAZMbGEMsXtrYSNqKLM2HSKNgRv+eVV0qpWvMtK9eGqXLvN4yjAKZzBBXhwDTW4hzo0gcEQnu EV3hzhvDjvzseidc3JZ07gD5zPH9STjX8=</latexit>
T0
<latexit sha1_base64="movfb9dd3/Q3Lp3VTbeqlLztegU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rFiv6ANZbO dtEs3m7C7EUroT/DiQRGv/iJv/hu3bQ7a+mDg8d4MM/OCRHBtXPfbWVvf2NzaLuwUd/f2Dw5LR8ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZn77CZXmsWyYSYJ+RIeSh5xRY6XHRt/tl8puxZ2DrBIvJ2XIUe+XvnqDmKURSsME1brruYnxM6oMZwKnxV6qMaFsTIfY tVTSCLWfzU+dknOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCGz/jMkkNSrZYFKaCmJjM/iYDrpAZMbGEMsXtrYSNqKLM2HSKNgRv+eVV0qpWvMtK9eGqXLvN4yjAKZzBBXhwDTW4hzo0gcEQnuEV3hzhvDjvzseidc3JZ07gD5zPH9STjX8=</latexit>
W
<latexit sha1_base64="Isuq 7IfVFup9gyvHE3WVDdodvz8=">AAAB6XicbVBNS8NAEJ3Ur1q/q h69LBbBU0mqoMeiF49V7Ae0oWy2k3bpZhN2N0Ip/QdePCji1X/kz X/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU 0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4NvPbT6g0j+WjmST oR3QoecgZNVZ6aJf65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte 56bmL8KVWGM4GzUi/VmFA2pkPsWipphNqfzi+dkTOrDEgYK1vSkL n6e2JKI60nUWA7I2pGetnLxP+8bmrCa3/KZZIalGyxKEwFMTHJ3 iYDrpAZMbGEMsXtrYSNqKLM2HCyELzll1dJq1b1Lqq1+8tK/SaP owgncArn4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5 /AOnmjPM=</latexit>
R8
<latexit sha1_base64="yrlx uqhb1Y1jYjqb2/3tj21Ri2o=">AAAB6nicbVDLTgJBEOzFF+IL9 ehlIjHxRHbRRI5ELx7xwSOBDZkdZmHC7OxmpteEED7BiweN8eoXe fNvHGAPClbSSaWqO91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCo aeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3cz81hPXRsTqEcc J9yM6UCIUjKKVHu571V6x5JbdOcgq8TJSggz1XvGr249ZGnGFTF JjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWw rJXP09MaGRMeMosJ0RxaFZ9mbif14nxbDqT4RKUuSKLRaFqSQYk 9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNStm7KFfuLku1 6yyOPJzAKZyDB1dQg1uoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/ gfP4A3aeNhQ==</latexit>
T 0
<latexit sha1_base64="psTP S2kxAr34iepKEf/8mJExx7U=">AAAB9XicbVDLSgMxFL1TX7W+q i7dBIvgqsxUQZdFNy4r9AXtWDJppg3NJEOSUcrQ/3DjQhG3/os7/ 8ZMOwttPRA4nHMP9+YEMWfauO63U1hb39jcKm6Xdnb39g/Kh0dt LRNFaItILlU3wJpyJmjLMMNpN1YURwGnnWBym/mdR6o0k6JppjH 1IzwSLGQEGys99KU1s2zanA3cQbniVt050CrxclKBHI1B+as/lC SJqDCEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqcES1n86vnqEzqw xRKJV9wqC5+juR4kjraRTYyQibsV72MvE/r5eY8NpPmYgTQwVZL AoTjoxEWQVoyBQlhk8twUQxeysiY6wwMbaoki3BW/7yKmnXqt5F tXZ/Wanf5HUU4QRO4Rw8uII63EEDWkBAwTO8wpvz5Lw4787HYrT g5Jlj+APn8we3TJKl</latexit>
W
<latexit sha1_base64="H6B76vgxOD8En3cxgoYHdGriGnk="> AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqszUgi6LblxWsA/oDCWTZtrQTDIkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3cG9OmHCmje t+O6WNza3tnfJuZW//4PCoenzS1TJVhHaI5FL1Q6wpZ4J2DDOc9hNFcRxy2gund7nfe6JKMykezSyhQYzHgkWMYGMl35fWzLNZbz6s1 ty6uwBaJ15BalCgPax++SNJ0pgKQzjWeuC5iQkyrAwjnM4rfqppgskUj+nAUoFjqoNscfMcXVhlhCKp7BMGLdTfiQzHWs/i0E7G2Ez 0qpeL/3mD1EQ3QcZEkhoqyHJRlHJkJMoLQCOmKDF8ZgkmitlbEZlghYmxNVVsCd7ql9dJt1H3ruqNh2atdVvUUYYzOIdL8OAaWnAPbe gAgQSe4RXenNR5cd6dj+VoySkyp/AHzucPjqOSBQ==</latexit>
R4<latexit sha1_base64="L4tChLcF57q0xASt29H1mcgjPLY="> AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclZla0GXRjcsq9gHtWDJppg3NJEOSUcrQ/3DjQhG3/os7/8ZMOwttPRA4nHMP9+YEMWfauO 63s7K6tr6xWdgqbu/s7u2XDg5bWiaK0CaRXKpOgDXlTNCmYYbTTqwojgJO28H4OvPbj1RpJsW9mcTUj/BQsJARbKz00JPWzLLp3bRf6 5fKbsWdAS0TLydlyNHol756A0mSiApDONa667mx8VOsDCOcTou9RNMYkzEe0q6lAkdU++ns6ik6tcoAhVLZJwyaqb8TKY60nkSBnYy wGelFLxP/87qJCS/9lIk4MVSQ+aIw4chIlFWABkxRYvjEEkwUs7ciMsIKE2OLKtoSvMUvL5NWteKdV6q3tXL9Kq+jAMdwAmfgwQXU4Q Ya0AQCCp7hFd6cJ+fFeXc+5qMrTp45gj9wPn8Auk6Spw==</latexit>
R1
<latexit sha1_base64="HErLcL/a9neUsY2bI7BXdcXxFJ0="> AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWN85AHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6L rfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh/ue1yuV3Yo7A 1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r /eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTSrFe+8Ur27KNeu8zgKcAwncAYeXEINbqEODWAwgG d4hTdHOi/Ou/Mxb11x8pkj+APn8wfTC41+</latexit>
R9
<latexit sha1_base64="99eOrhGuJQUQApEOTD6y+7MdhTI="> AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQb0FvXiMjzwgWcLspJMMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7glhwbV z328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGN1O/+YRK80g+mnGMfkgHkvc5o8ZKD/fdq26x5JbdG cgy8TJSggy1bvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns1Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan 4n9dOTP/ST7mME4OSzRf1E0FMRKZ/kx5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf48jJpVMreWblyd16qXmdx5OEIjuEUPLiAKtxCDerAYA DP8ApvjnBenHfnY96ac7KZQ/gD5/MH3yuNhg==</latexit>
R4
<latexit sha1_base64="TZTZLzNuoR3mPmLCRMMKscSuGeU="> AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaRRI9ELx7xwSOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq 777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzThBP6IDyUPOqLHSw32v2iuW3LI7B 1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz 8z+ukJrzyJ1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqalbJ3Ua7cVUu16yyOPJzAKZyDB5dQg1uoQwMYDO AZXuHNEc6L8+58LFpzTjZzDH/gfP4A15eNgQ==</latexit>
W
<latexit sha1_base64="Isuq7IfVFup9gyvHE3WVDdodvz8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy 2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4NvPbT6g0j+WjmSToR3QoecgZNVZ6aJf65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8KVWGM4GzUi/VmFA2pkPs WipphNqfzi+dkTOrDEgYK1vSkLn6e2JKI60nUWA7I2pGetnLxP+8bmrCa3/KZZIalGyxKEwFMTHJ3iYDrpAZMbGEMsXtrYSNqKLM2HCyELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AOnmjPM=</latexit>
R8
<latexit sha1_base64="yrlxuqhb1Y1jYjqb2/3tj21Ri2o=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI5ELx7xwSOBDZk dZmHC7OxmpteEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3cz81hPXRsTqEccJ9yM6UCIUjKKVHu571V6x5JbdOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3o gHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxbDqT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNStm7KFfuLku16yyOPJzAKZyDB1dQg1uoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4A3aeNhQ==</latexit>
FIG. 8. (a) The nine Ri classes of D = 43 tensors that can ac-
comodate SU(6) fusion rules – see Table V. Color-conjugated
tensors (same tensors) have to be used on the A and B sites
to accomodate the 66¯ (66) SU(6) symmetry as shown in (b)
and (c), respectively.
